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Recently, Giusto and Halpern reported the open-string description of a certain basic class 
of untwisted open WZW strings, including their associated non-commutative geometry and 
open-string KZ equations. In this paper, we combine this development with results from the 
theory of current-algebraic orbifolds to find the open-string description of a corresponding 
basic class of twisted open WZW strings, which begin and end on different WZW branes. 
The basic class of twisted open WZW strings is in 1-to-l correspondence with the twisted 
sectors of all closed-string WZW orbifolds, and moreover, the basic class can be decomposed 
into a large collection of open-string WZW orbifolds. At the classical level, these open-string 
orbifolds exhibit new twisted non- commutative geometries, and we also find the relevant 
twisted open-string KZ equations which describe these orbifolds at the quantum level. In 
a related development, we also formulate the closed-string description (in terms of twisted 
boundary states) of the general twisted open WZW string. 
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1 Introduction 



In recent years, the orbifold program [1-11] has in large part completed the local description 
of closed-string orbifolds, including: 

• the twisted current algebras and stress tensors of all sectors of the general current- 
algebraic orbifold [1-5], 

• the twisted affine primary fields, twisted operator algebras and twisted KZ equations 
El cm of all WZW orbifolds, 

• the action formulation [6-8,10] of all WZW and coset orbifolds, in terms of group orbifold 
elements with definite monodromy, 

• the action formulation and twisted Einstein equations ^T] of a large class of sigma-model 
orbifolds, 

• free-bosonic avatars [71 IHl E] of these constructions and the explicit form of their twisted 
vertex operators. 

A short review of the program can be found in Ref. jTUj. Recent progress at the level of 
characters has also been reported in Refs. [12,1,13-15]. 

Subsequently, the techniques of the orbifold program were also applied to construct a 
new class of so-called orientation orbifolds fUJ which arise by twisting world-sheet 
orientation-reversing automorphisms in closed-string WZW, coset and sigma models. Like 
conventional orientifolds [18-21], the orientation orbifolds contain both closed- and open- 
string sectors,but the orientation-orbifold sectors are characterized by fractional moding, 
including twisted Virasoro operators [U |22l IHj in the open-string sectors. 

The open-string sectors of the WZW orientation orbifolds are certainly not the most 
general twisted open WZW strings, but because orientation-reversing automorphisms are 
quite special, it is not immediately clear how to generalize the construction of Refs. P^ ll7j. 

In pursuit of more general twisted open WZW strings, we have therefore reexamined 
the ^^open-string description" of untwisted open WZW strings^^ given in Ref. PB|, including 
the non-commutative geometry and the open-string KZ equations of these strings. We find 
that this construction can be straightforwardly combined with the theory of closed-string 
current-algebraic orbifolds to give a large set of new twisted open WZW strings, which we 
call the basic class. 

^^In the closed-string description of open strings, one uses the closed-string currents J, J to define bound- 
ary states, while in the open-string description of open strings, one works directly with a single set of current 
modes J. 
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The basic class is a particular class of twisted open WZW strings, which 
is entirely disjoint from the open-string sectors of the WZW orientation orbifolds, 
is in 1-to-l correspondence with the twisted sectors of all closed-string WZW orbifolds, 
can be decomposed into a large collection of open-string WZW orbifolds 



H C Aut{g) (1.1) 



H 

where A°J"^^{H) is any Giusto-Halpern open string with a symmetry H. 
Examples of simple open-string orbifolds have been discussed e. g. in Refs. |^ 

An overview of our construction is given in Subsec. 2.1, and the necessary background 
material from the orbifold program is reviewed in Subsec. 2.2 and Apps. A,B. Central results 
for the basic class include the generalized WZW branes in Subsec. 3.5, the new twisted 
non-commutative geometry in Subsec. 3.6 and the twisted open-string KZ equations in 
Subsec. 4.5. Explicit non-abelian examples are given in Subsecs. 3.5, 4.5 and App. D, and 
free-bosonic analogues are worked out in Subsec. 3.7. In a parallel development, App. A 
formulates the closed-string description (in terms of twisted boundary states) of the general 
twisted open WZW string. 

Taken together, the general twisted boundary state equation and the open-string sectors 
of the WZW orientation orbifolds give important clues for further generalization of our main 
development (see the final Discussion in Sec. 5). Based on these observations, we will return 
elsewhere to construct the open-string description of the general twisted open WZW string 
- which includes both the orientation orbifolds and the basic class as special cases. 



2 Preliminaries 

2.1 The Open-String WZW Orbifolds Af''''{H)/H 

In Ref. [23] a procedure was given to construct an open WZW string A°J"^^ from the left- 
mover sector of the closed-string WZW model Ag on affine g. In this paper we combine 
this procedure with the local theory of current-algebraic orbifolds [1-11] to construct a 
corresponding set of N^. twisted open WZW strings, one from each of the left-mover sectors 
a = . . . iVc — 1 of the general closed-string WZW orbifold Ag{H)/H (see Fig. P). 
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The left-mover data of any closed-string WZW orbifold. 



* open 
^9 



^ : The corresponding open-string WZW orbifold. 

Nc'. The number of conjugacy classes of symmetry group HGAut{g) and 
the number of sectors a of Ag{H)/H or A°p^''{H)/H. 

Fig. HI Construction of twisted open WZW strings from closed-string WZW orbifold 

Although our construction follows the path shown in Fig.Q it is also possible to consider 
these new constructions as open-string orbifolds A°J"^^ {H) / H of any iif-symmetric untwisted 
open WZW string Af^'^iH) (see Fig.El). 




Fig.El The open-string WZW orbifold A°^'^^{H)/H associated to the untwisted 
open WZW string A°J"^^{H) with a symmetry H. 

We infer that A°J"^^{H) / H is an open-string WZW orbifold for the following reasons: 

• Each sector a = 0, iVc — 1 of A°J"^'^{H)/ H is a twisted open string, in particular, 
the (T = sector is the untwisted open string A°J"^^{H) of Ref. with a symmetry H. 

• As in closed-string orbifold theory, each sector a of A°J'^^{H) / H is labelled by a 
conjugacy class of H. Moreover, sector a contains the appropriate twisted current algebra, 
obtained by twisting affine g by an element h^r & H in this conjugacy class. 

• At the classical level, the target space of each sector of A°^^'^{H)/ H is the appropriate 
sector of the group orbifold g/H , with the corresponding group orbifold elements [6-8], and 
with generalized WZW branes at each end of the open string. 
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Because of modifications needed to apply the principle of local isomorphisms jHl El to 
equal-time formulations [TT] and open strings [THI, a direct realization of the path shown 
in Fig. 121 will not be discussed in this paper. 

In what follows we will therefore refer to A°J^^^{H)/H as an open-string WZW orb- 
ifold, while the basic class of twisted open strings will denote the set of all sectors of all 
AgP^"'{H)/H. Presumably, these open-string WZW orbifolds are associated via non-planar 
processes to closed-string WZW orbifolds, but we will not study this issue here. 

2.2 The Left-Mover Data of the Closed-String Orbifold Ag{H)/H 

Ref. |23| constructed a basic class of untwisted open WZW strings from the untwisted affine- 
Sugawara construction [26-30] on affine g jHIl llEl , and it is clear from this development 
that an open-string conformal field theory can be constructed from any single chiral current- 
algebraic stress tensor [26,27,33-38] 

For the twisted construction of this paper, we therefore begin with the left-mover-l-^ 
twisted affine-Sugawara construction [SIO El of sector a of the closed-string WZW orbifold 
MH)/H: 

LArn) = C;l:^)'-'-''^'-^'''i^^ (2.1a) 

[L^{m), L^{n)] = (m - n)L^{m + n) + 5m+nfiz^m{m^ - 1) (2. Id) 

c = 2/:^;:]'^^-"('-)'^(a)6;„(,,)^;_„(,),,(a) = 2LfGab = c„ a = . . . iV, - 1 . (2.1e) 

The normal ordering : ■ : in Eq. ()2.1aj) is the mode form of operator-product normal 
ordering in the orbifold 1213 13 El, and the alternate mode normal-ordered form : ■ -.m oi 
the twisted affine-Sugawara construction is given in Eq. ()A.3|) . 

•t^If the algebra of the twisted right-mover currents J of Ag (H) / H is not rectifiable [SI 13 1^1 EI into a 
copy of the twisted left-mover current algebra, then in principle there could be another set of twisted open 
strings based on J. However, as reviewed in App. B, all basic orbifold types are known to be rectifiable. 
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The numerical coefficients in Eq. ()2.1|) are called twisted tensors or duality transforma- 
tions. For sector a of Ag{H)/H, the standard duality transformations have the following 
explicit forms: 

^n(r)M;n(s)i.(cr) = X{(^)n{r)f,X{(^)n{s)uU {(^)n{r)^i''U {a)n{s)J' G ab 

= Gn{s)u;n(:r)fA.{(^) = ^n{r)+n{s)fi mod p{a)Gn{r)fj.\-n{r),u{(^) (2.2a) 
^n(rV;n{s) "^*''^(0' ) = X{'^)n{r),iX{<^)n{s)uX{<^)n(t)5^ )n{r),i''U ((T ) n(s)J' f ab'U^a 

= — ^n(s)j^;n(r)/?^*^^(0") = 5n(r)+n{s)-n(t),0 mod p((T)-^n{r)At;n(s)"^''^"*'"^^'''^(o") (2.2b) 

_ ^n{s)u■,n(r■)^l( \ _ r ^n{r)/i;-n(r),z// \ „ x 

- (O^j - 'Jn(r)+n(s),Omodp(a)'L-0(^) (crj l2.2cj 

r„(,)^(T, a) ^ x(a)„(,)^f/(a)„(,)/f/(T, a)T„f/t(T, a) (2.2d) 

n(r) 

e'"^^T„(,)^(T, a) = E(T, a)r„(,)^(T, a)E(r, a)* . (2.2e) 

[^(r)/t(7', a), 7^(s),,(T, a)] = iTn{T)^i-,n{s)J'^'^^'^^'''^'\<^)'Tn{r)+n{s),5{T,a^ (2.2f) 

Tr{M{T, a)Tn^r)ii{T, a)Tn{s)v{T, a)) = Gn{r)i,;n{s)M (2-2g) 

9 = ®iq', G,b = (Bikjr^i„ U = ®ifi:, Lf = ®r , = ®iT^ . (2.2h) 

Zkj + Qj 

Here the quantities G, /, Lg and T are the generalized Killing metric, structure constants, 
inverse inertia tensor and representation matrices of the untwisted theory on g. The twisted 
tensors £ and T are the duality transformations (discrete Fourier transforms) of the 
corresponding untwisted quantities. Similarly, the twisted data matrix P is the duality 
transformation of the data matrix, which records the level kj of each affine and the 
Dynkin index of each rep T^. 

In Eq. fj2.2|) . the normalization constants x(o') are essentially arbitrary and the unitary 
matrices (Fourier elements) U (a) and U{T, a) solve the H -eigenvalue problems |3tl5|l6|l7tlTn] 
of orbifold theory: 

n(r) 

u{K)a'U\a)b''^'''^^ = f/t(a)/M^E„(,)(a), E„(,)(a) = e"'"*^ (2.3a) 

Mir) 

W{K- T)JU^{T, a)/W'^ = f/t(T, a),^M'^E^(,)(T, a), E^(,)(T, a) = e"''^^^ (2.3b) 

E{T,a)N(^r)n'^^''^'^ = ^'ll^N(r)+N{s),Omod R{a)EN(r)iT, a) (2.3c) 

a = O...Nc-l. (2.3d) 
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Here the matrices uj{ha) and W{ha] T) are the actions (in the underlying untwisted theory) 
of the automorphism E H m. the adjoint rep and rep T respectively, and En(r){o'), 
EN{r)iT, a) are the eigenvalues of uj{ha), Wijifj] T). All these quantities are periodic n(r) — > 
n{r) ± p(cr), N{r) N{r) ± -R(cr) in any spectral index, with period equal to the order 
p(cr) or -R(cr) of the corresponding automorphic action u or W. We denote the pullbacks 
to the fundamental ranges by the usual symbols n[r), N{r). 

In the untwisted sector cr = 0, we have 

uj{K) = W{K; T) = 11, U{a) = U{T, a) = 1, x{<^) = 1 (2.4a) 
g^G, ^^/, C^Lg, r^T (2.4b) 

and the system ()2.H1 and ()2.2j) reduces to the left-mover sector of the WZW model Ag{H) 
with symmetry H C Aut{g). Except for the if-symmetry of the untwisted theory (which 
was modded out to construct the twisted sectors), this is precisely the starting point of 
Ref. 123] • 

The reader should therefore bear in mind that the a = sectors of our open-string 
WZW orbifolds below will agree with all the untwisted results of Ref. [23] - although one 
should if-symmetrize the correlators of the untwisted string when it is included as an 
orbifold sector in our construction. 

For detailed information on particular classes of closed-string WZW orbifolds, we direct 
the reader to the following references: 

• the WZW permutation orbifolds [3 El E] 

• the inner-automorphic WZW orbifolds [3 E] 

• the (outer-automorphic) charge conjugation orbifold on su{n > 3) (7| 

• the outer-automorphic WZW orbifolds on so(2n), including the triality orbifolds 
on so(8) 

Ref. also contains a short review of the program. 

2.3 The Twisted Strip Currents and "Locally Twisted WZW" 

Given the left-mover data of the previous subsection, we begin our construction of the 
open-string orbifold A°J"^^{H) / H by defining the twisted left- and right-mover open-string 
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currents on the strip 

= E Mr)M+^)e"^""''^^^'^'\ < e < vr (2.5a) 

jSr),i-^^t,a) = J^^\U,cr) (2.5b) 
9^jW(e,t,fT) = 0, a± = 9i±9^, (T = 0,...,iV,-l (2.5c) 

both of which are constructed from the same set (j2.1b|l of twisted left-mover current modes. 
The strip currents satisfy the following boundary conditions 

n{r) 

which are the image on the strip of the monodromy ()B.3c|) of the corresponding cylinder 
current. With the mode expansion ()2.5ap and the mode algebra ()2.1b|) . we may compute 
the equal-time algebra of the strip currents 

+ Sn{r)+n{s)fimod p{a)Sn{r)^l]~n(r)ui(y')^^)5 r^{^ — T]) (2.7a) 

AtU^, -tiUv, a)] = 2vrz( J-„(.),^„(.)."M+"W'^(a) J(-) ^„(,)_,(r/, t, a) 

+ <5n(r)+n(s), mod p(o-)^ri(r)/x;-n(r);^(o")f^c)^ZiM + ^) (2.7b) 

^' -tiUv, t, a)] = 27r<^.M,;.(.)."M+"(^)'^(a) Ji-;)^„(,),,(r/, t, a) 

— Sn{r)+n{s),Oniod p(cT)^n(r)At;-n(r)i/(c)5j) n(r) (^ — r]) (2.7c) 

P{o-) 

where ^(o") and J^(cr) are the twisted tangent-space metric and twisted structure constants 
given explicitly in Eq. (|2.2p . 

The phase-modified Dirac delta functions 6n{r)/p(a){(, ± ^7) in Eq. (j2.7|) are defined as 
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follows: 

±v)^ e-^^«±'')5(e ±v) = -y e-'^-^+^M^^^") = S ^{-^tv) (2.8a) 
Wp(.) (e±r;) =,5„(,, (e±r?), 5o{^±v)=Si^±v) (2.8b) 

P(o") p{o-) 

7i(r) 

5nM (e ± r/ + 27r) = e ± r/) (2.8c) 

P(o") P{a") 

5(e±ry) = ;^ Ve-'"«±^), 5(e±r/ + 27r) = 5(e±r/). (2.8d) 

The quantity Sn{r)/p{a){C,—v) appeared previously in the orbifold geometry of Ref. [TT] . 
but the quantity Sn{r)/p{a){(, + '>l) appears for the first time here. We note in particular 
that Sn(r)/p{a){(, +v) ^as support only at the boundaries of the strip ^ = = or tt. The 
reader is referred to App. C for various useful identities involving these phase- modified 
delta functions. 

Following Ref. , we compare the twisted open-string equal-time current algebra ()2.7|) 
on the strip to the twisted closed-string left- and right-mover current algebra ()B.4|) on the 
cylinder under the map: 

(strip) '^i(r)M(^'^) " Jnir)>.i^,t), Jnir),i^,t) (cylinder). (2.9) 

We find that the two systems disagree by boundary terms in the left /right-mover commu- 
tators ()B.4c|) vs. ()2.7b|) . More importantly, this comparison fails due to the form of the 
bulk terms {Sn{r)/p{cT){(, ~ v) vs. 5-n(r)/p(o-) (^ ~ v)) ill the right /right-mover commutators 
(jB.4b|l vs. ()2.7c|l . We find however a successful comparison when we consider instead the 
rectified right-mover currents reviewed in App. B: 

(strip) Ji|4(e,t), " Jnir),{^,t), (cylinder). (2.10) 

In this case, the strip current algebra ()2.7|1 is in fact isomorphic in the bulk to the rectified 
cylinder current algebra ()B.6|1 . the two algebras differing only by terms 5n(r)/p(o-)(C+^) with 
support at the boundary. 

In Ref. 5 the forms of various untwisted strip algebras were fixed by the requirement 
that these algebras must be locally isomorphic in the bulk to the untwisted algebras of 
the corresponding closed WZW string. The reason for this "locally WZW" requirement 
was that it guaranteed that all local quantities and relations (such as the action density 
and equations of motion) were isomorphic in the bulk to the corresponding relations in the 
closed WZW string, as expected intuitively jHU] . 
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Following this intuition, Eq. ()2.1U|) tells us that the "locally WZW" requirement of 
Ref. 1^ must be generalized to a new "locally twisted WZW" requirement for twisted 
open strings: All twisted strip algebras must be isomorphic in the bulk to the rectified 
twisted algebras of the corresponding closed-string WZW orbifold sector. Drawing on the 
rectified closed-string results collected in App. B, and using this requirement to fix certain 
results below, we will find that all local quantities and relations in the open-string WZW 
orbifold are indeed isomorphic in the bulk to the corresponding relations in the closed-string 
WZW orbifold. We note in particular that the locally twisted WZW condition reduces in 
untwisted sector a = to the original locally WZW condition of Ref. [SHI- 

2.4 The Operator Stress Tensors on the Strip 

We turn now to the left- and right-mover stress tensors of sector cr of the open-string 
orbifold A°p^''{H)/H 

f ^ ^<:J"""^^^"M :^It).(^'^'^)^%..(^'^'^)^' ^ ^ ^ - (2.11a) 
= ^ $^i^.(m)e-^'"(*±«) (2.11b) 

Ti'^\-i.t) = Ti-^Ki.t). d^Ti^\U) = 0, a = 0, . . . , AT, - 1 (2.11c) 

which are also constructed from the single left-mover stress tensor T„{C), < ^ < 27r of 
closed-string orbifold sector a. The normal ordering : ■ : is the same as that shown in 
Eq. (|2.1|) . With Eq. ()B.10|) . we note that the forms of the strip stress tensors T^"^^ are 
locally twisted WZW 

JW, J^-\fi+\fy^ « J, J«, f^, t (2.12) 

that is, isomorphic in form to the left- and right-mover stress tensors T, T of the corre- 
sponding closed-string WZW orbifold sector. 

The open-string stress tensors satisfy the following boundary conditions 

fi+\^,t)=ft\^,t), ate = 0,77 (2.13) 

which are obtained directly from Eq. ()2.11b|) . or equivalently from ()2.11a|) and the current 
boundary conditions ()2.6p . 

The equal-time algebra of the open-string stress tensors 

[Ti+)(e,t),TW(r/,t)] ((TW(e,t)+TW(^,t)) - ^{dl + 1)) d^Si^Tv) (2.14a) 
[Ty\U),n^\v,t)] =-^ ((ri-)(e,t) + rW(r^,t)) - ^{dl + 1)) d^6{^±v) (2.14b) 
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[^i^He,t),iit)/^'^'^)] = ^'^^ (^it)M(^'^'^)^(^T^)) (2.14c) 

[Ti-\i,t),J^^l^^{^,t,a)] = Ttd, [Ji%^{v,t,a)6{^±v)) (2.14d) 

follows from the commutators in Eqs. ()2.1c|) . ()2.1d|) . It is easily checked that this strip alge- 
bra is also locally twisted WZW, that is, locally isomorphic in the bulk to the corresponding 
rectified closed-string algebra ()B.9|1 . 

In each sector a of A°J'^'^{H) / H , the Hamiltonian is constructed from the stress tensors 
by the usual integration: 

Jo 



_ 1 r. 

+ (2.15a) 

a = 0,...,N^-1. (2.15b) 

Then we have the open-string equations of motion 

dtA = i[H^,A] (2.16a) 

dJ^^\U) = d^fi^\U) = (2.16b) 

where the conservation laws in Eq. ()2.16b|) follow from Eqs. ()2.16a|) and ()2.14|) . 
We may also define the bulk momentum operator 

p.= pl^ Ae(TW(e,t)-T(-)(e,t)) 

Jo 

in analogy to Ref. [22] ■ As in the untwisted case, this quantity is not conserved 

|p. = 2(fW(7r)-ri+)(0))^0. (2.18) 



and it can be checked with Eq. ()2.14j) that Pa generates —id^ only in the bulk: 

/(±) 

^ (c + ^\] — PI. ) 



'\hJS^Ji.t,a)\-3A ^^"">«-*-'^> (2,19) 
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More generally, the correct form of d^A for any A can be obtained from the form oii[Pcr, A] 
in the bulk 

d^A = i[P„, A], < ^ < TT (2.20) 
by smoothly extending this form to the boundary. 

We conclude this section with a discussion of the scalar twist-field state |0)o- 

Jnir)^{m + ^ > 0)|0). = .(0| J„(,)^(m + < 0) = 0, a = 0, . . . , iV, - 1 (2.21) 
in sector a of A°p'^"'{H)/H. The conformal weight Ao(o") of the scalar twist-field 

L^{my = L^{-m) (2.22a) 

(L.(m > 0) - 5„,oAo(a))|0). = .(0|(L.(m < 0) - 5™,oAo(a)) = (2.22b) 

{H^ - Ma))\0)^ = ^{0\{H, - Ao(a)) = (2.22c) 

Ao(a) = 5^ ^(1 - gl) ) dim[n(r)] (2.22d) 

follows from the defining relations 1)2.211) and Eq. ()A.3a)) . The general formula for Aq (cr) is 
given in Eq. ()A.3e|) , while the simplified form given in Eq. ()2.22d|) holds when the underlying 
untwisted theory is permutation-invariant 

g = ®iQ^, 0^ — simple g, kj = k (2.23) 

which includes all the basic types of WZW orbifolds. In Eq. ()2.22j) . the quantities and 
Xg are respectively the dual Coxeter number of g and the invariant level of affine g, while 
dim[n{r)] is the degeneracy of the eigenvalue En(r){cr) in the if-eigenvalue problem ()2.2a|) . 
Further evaluation of Ao(o") is given for specific cases in Refs. P I7| 1^ ITUj. 

3 Classical Description of Twisted Open WZW Strings 

We turn next to the classical theory of the open-string WZW orbifold A"J"^^{H) / H , begin- 
ning with the classical limit of the operator relations above. Using intuition gained from 
the classical results of this section, our discussion of the quantum theory will resume in 
Sec. 4. 

3.1 The Classical Strip Currents and Stress Tensors 

The classical (high-level) limit of the theory is obtained from the quantum theory above 
by dropping all normal ordering, omitting the central terms in Eq. ()2.14|) and carrying out 
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the following replacements 

[,]^{,} (3.1a) 
Wr)M;nW-(^) _^ (3.1b) 

where { , } are (rescaled) Poisson brackets. Here G*{<j) is the inverse of the twisted tangent- 
space metric defined in Eq. ()2.2a|) . 

This gives for example the classical form of the open-string stress tensors 



f W(e,t) = fi'Xu) at e = 0,71, W(e,t) = (3.2b) 

where J*-^^ are now the classical strip currents. We list below the remainder of those 
classical relations which do not follow directly from the bracket substitution (|3.1ap alone: 

{TW(e, t),fi^\v, t)} = ^(TW(e, t) +f(^\v, ms{^ t v) (3.3a) 

{ft\^,t),fi^\v,t)} = -^{fi-\U)+f!;^\r^,mm±v) (3.3b) 



H^= rde(Ti+)(e,t)+fi-)(e,t)) (3.4a) 
Jo 

= ^ fdiG<^^^'-^:^>{a) (^i|4(e, t) j%,(e, t) +4i,(e, t)) 

J 

P„ = rdafi-^\U)-fi-\U)) (3.4b) 
Jo 

= ^ ^"«'^-"«'^(a) (jw/e, t) j%),(e, t) t) Ji4,(e, t)) 

J 

In particular, the equal-time current algebra p.7j) and the Hamiltonian equations of motion 
in Eqs. fl2.1f)|l . ()2.18j) have the same form in the classical theory. 
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3.2 Phase-Space Realization of the Strip Currents 



To go beyond a theory of currents, we now postulate the following phase-space realization 
[23 of the twisted strip currents at time t: 

jSr),i0^jS!),i^,t,^) (3.5a) 
= (3.5b) 

Pnir),{B, = Plir), + ^B^(r),Ms)^'im)d^^:^'^'' (3.5c) 

a = 0,...,Nc-l. (3.5d) 

Here {x„} is a set of Einstein coordinates and {p^} is a set of momenta which are expected 
to be canonically conjugate to x„ in the bulk. The twisted vielbeins e, e and twisted B field 
B which appear in ()3.5|) are defined in terms of so-called group orbifold elements g: 

g{r, t, a) = e*-S"''"(«'*)^"('-)M(^''^) (3.6a) 

en(rv(^) = -ig~\T)dn{r)t,g{'T) = e„(r-v"^'^''^(s)i., 4(rv(0 = g^n(f)^(g) (3.6b) 

eW(r)M(^) = -W{T)dn{r)f,g'^{T) = %i{r)p,"'^'^''Zi{s)u (3.6c) 

^ n(t)5<; — 1 n(s)i/ 7, n(t)5 73~l n{s)u r n(s)j/ jruj: fn 

^n{r)pL ^n(t)& ~ ^{r)n ^n{t)5 — On(r)^t — O^On(r)-n(s), mod p(o-) l^O.UU; 

Hn(r)n;n(s)v-n{t)5{.x) = dn{r)f_iBn{s)u;n{t)s{x) +dn{s)vBn{t)5;n(r)n{.x) +dn{t)sBn{r)fi;n{s)u{x) 

= -iTr (A^(T, o-)e„(r)^(T, x)[en(s)i.(T, x),e„(t)5('?', 5;)]) (3.6e) 

= KxUr)^.''^'''^^'K£Us)^^^^^^^^ (3.6f) 

As in closed-string orbifold theory, the group orbifold element g{T,C,,t,a) is locally a 
group element, where the group is generated by the orbifold Lie algebra ()2.2t|) of twisted 
representation matrices T. Moreover, we have chosen e(0) = 1, e(0) = — 1. The totally 
antisymmetric twisted structure constants J-',{<7) in ()3.6t|) are constructed by lowering the 
last index of J-'{cr) using the twisted metric Q,{a). 

Here we have generalized the strategy of Ref. by modelling the realizations in 
Eq. ()3.5p after the known phase-space realizations of J and J in closed-string WZW orbifold 
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theory JT], where the same geometric quantities and relations ()3.6p also appear. However, 
as we will see below, the time dependence of these quantities in the open-string orbifolds 
is not the same as that in the closed-string orbifolds. 

The phase-space form of the Hamiltonian 

H^= [ d^n^{x{0,PiO), a = 0,...,iV,-l (3.7a) 

^27rG"M^^-W-(x)p„(,)^(5)p„(,),(5) + ^95X^W^9^x^^^^ (3.7b) 

oTT 



Gn{r)ti;n{s)u{x) = en{r)ir^^^^ <in{s)J^^'^'^^Qn{t)5-n{u)e{(y) = erj(r)/x"^*^'' e„(s)i/"'^"^^^n(t)<5;n(M)e (o") (3.7c) 

G'„(.)M;nW5(x)G"W^^"(^)'^(x) = (3.7e) 

follows from Eq. ()3.4ap and the phase-space realization. In Eq. ()3.7|) . the quantities G, and 
G* are the twisted Einstein metric and its inverse respectively. More general phase-space 
realizations of the currents, with the same Hamiltonian (i. e. T-dual formulations), will be 
discussed in a future paper. 

As another application of the phase-space realization ()3.5|) . we obtain the following 
boundary conditions in terms of the phase-space variables 

= 95X^(^)'^(lw(s)."(*^' + en(s).''^'^')Gnmnir)M at ^ = (3.8a) 

n{r) 

= d^xf'>{e-^^'l^)l,f^,)<'^' + e„(.)."W')6;„(i)5;„M^(a) at e = TT. (3.8b) 
from the current boundary conditions in Eq. ()2.6p . 



3.3 The Brackets of with x 



In the method of Ref . [2H] , all phase-space brackets are obtained by solving partial differen- 
tial equations derived from the current algebra and the postulated phase-space realization 
of the currents. 
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Following this method, we begin our analysis of the open-string phase-space brackets 
by writing down the so-called inverse relations 

- ^i(i).(0^"^^^^^"^*^'(^)e"'(Onwr('')^ < e < vr (3.9a) 

PnirUB, = ^ (e(O.M/^^)vi|) ,(0 + -e(0nM/^^)vi7i).(0) (3.9b) 

which follow directly from the phase-space realization in Eq. ()3.5|) . We also give the spatial 
derivative of g 

dfg{r,i) = d^x<^^^d^^,),g{T,i) = z (^(T, O^^+H^, + ^(^^^,0^(^,0) (3.10a) 

jSr),iO = Tr (^(T,a)jW(T,OT„M,) (3.10c) 

which follows via the chain rule from Eqs. ()3.9|) and ()3.6p . 

In analogy with Eq. (4.3) of Ref. [221) '^^ '^^y derive differential equations for the 
{J,x} bracket 

^.{^i|4(e,t,^),C^^^'^(^,t)} = {jiliU,t,a),d,x:^^>{v,t)} 

= {i^+HO, J^^\v)G'i^)e-\v) - J^-\v)G'{^)e-\v)} (3.11a) 
= 2TTi (^„(,.)^;„(t)5'^")'(cT)/|J^^(r?)+^„(^)^.„(i)5(cj)55) X 

x<5„(.) (e-r/)a'^(*)''"('')'^(a)e-i(»?)n(.)K"(^)" 

-27ri (j^„(r)^;„(t)5"('')'(cT)J^[j)^(7?) + ^„(^)^.„(t)5(cj)95) X 

x<5„M (e+r?)a'^(*)''"('')'^(^)r\,?)„(,),-w- 
-^„(i)5r'(^)„He"(^)'^e?"W^'"('')n^)^(,)J^)) (3.11b) 

where we have used the twisted current algebra (|2.7p . Eq. (j3.9aj) and the chain rule. The 
corresponding differential equation for the bracket {J^^\Oi ^iv)} can be obtained by re- 
placing ^ everywhere in Eq. ()3.11|) . 

We wish to find a solution of these differential equations which is both locally twisted 
WZW and consistent with the strip boundary conditions for j*-^''(0 in Eq. ()2.6|) . A natural 
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candidate for the solution is: 

-2ni{r\r]Ur),''^'>6nir^{^-v) + r\vUr)^^^^^^ (3.12a) 

p(ct) p(ct) 

-2n^{%-\r])nir)^^'^''>^'S_n^{^-r]) + e~\r])„(^r),^^^^^ (3.12b) 



p{(t) p(ct) 



a = 0,...,Nc-l. (3.12c) 

According to Eqs. (B.13d,e) and the concluding paragraph of App. B, this candidate solu- 
tion is locally twisted WZW. Moreover this candidate is consistent with the strip boundary 
conditions ()2.6|) because the relations 

n(r) 

5n{r) (— 7]) = 5_n(r) (?7), 5n(r) (^T =F ??) = 6 W (5_ ( TT ± 7]) (3.13) 

p(a) p{a) p{a) p{a) 

follow from the definition of the phase-modified delta functions. 

Finally, one finds after considerable algebra that the candidate in Eq. (j3.12j) indeed 
solves the differential equations. To verify this, one inserts both Eq. (j3.12j) and the phase- 
space form ()3.5p of J*^^-' into Eq. ()3.11|) . following a line similar to the corresponding 
untwisted computation in Ref . . In particular, the reader will find the following identities 
useful: 

Ur)^""^"^" = -en(.)/^*^'^nW5"(^^" (3.14a) 

n{r)fi '-'n{u)e^ ''n{s)v — n{r) pL\n{s)u )^''n{u)e \O.LH:\J) 

S-1 . , n{u)e^ , I \ = -tt I ^ 7^ . ^ . ^ "W'^frrl f3 lAc') 

■,n{s)u 

(a) (3.14d) 

Cl I ^ "(")'0 I ^ <'")*^'f , s , , "W^ffxl = T I ^ r \ "("^'ffx'lfi r ^ "^'^"^ f3 14el 

^''n(r)ij. ^''n(s)h> n(u)e;n(v)K / ■J n(r)fjL;n(s)p / "(wje i^'J.x'±cy 

— —P , . , , n(v)Kj: n(w)\f n{t)5 /o i \ 

^ , , e r ^ "(^^"^ - d f \ e f \ = e r ^ "^"^^6 ^ ^ ^i^)^T "W^fcr) f3 14e:) 
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In this list, the quantity Cl is the twisted adjoint action 

g{T, e, t, a)%^r),9-\r, ^ t, a) = ^^(a;(0)n(r■)/('^'^r„(,), (3.15) 

and the relations (3.14g,h) are respectively the twisted Cartan-Maurer and inverse twisted 
Cartan-Maurer identities (the CM identities also hold for e — > e). These identities and 
others of this type also appear in the geometry ^1] of closed-string WZW orbifolds. 

The general solution of the inhomogeneous differential equations contains an additional 
term which satisfies the corresponding homogeneous equations, but (as in Ref. [SB]) one 
finds that such a term would violate the requirement that the strip algebra is locally twisted 
WZW. 

In the solution ()3.12p . the extra boundary terms proportional to 5, n(r)(^ + rj) can be 
interpreted with Ref. as the interaction of a non-abelian charge at ^ with a non-abelian 
image charge at —r]. 

As an application of the {J, ct} brackets, we may now use the chain rule and Eqs. (3.6b,c) 
to obtain the brackets of the twisted strip currents with the group orbifold elements 

{■^nlrwl^' ^' (^), ^(^, V, t, (t)} =27r((^(r, T])Tn^r),,S^i^-V) 

p(ct) 

-X(r)^,9{'^,v)S^{^+v)) (3.16a) 

pi") 

{'^tr)u(^' ^' (^), ^(^, V, f^)} =2vr( - 7;(^)^^(r, r?)5_nM (^-^) 
^ pi") 

+ g{T,r])%^r)^5_^{^+r])) (3.16b) 

and we have checked with Eqs. ()2.7|1 and (j2.2f|) that all J, J, g bracket Jacobi identities for 
this algebra are satisfied. We note in App. B that the result (j3.16p is also locally twisted 
WZW, that is, isomorphic in the bulk to the corresponding rectified WZW orbifold result 
flBH) . 

The result ()3.16p is easily quantized because it is linear in g, and the operator form of 
this result will play a central role in our discussion of the quantum theory of open-string 
WZW orbifolds (see Sec. 4). 

Finally, using the integral identities ()C3|1 and the {J, g} brackets in Eq. (|3.16|) . we may 
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also compute the action of the bulk momentum ()3.4b|) on the group orbifold elements 

z{p.(t),^(r,e,t)} = 

i[g{T,i,t)J^+\r,i,t) + J^~\r,i,t)g{r,i,t)) for 0<e<7r 
for ^ = 0, TT 

and we note that this result agrees in the bulk with the form of d^g given in Eq. ()3.10ap . 



3.4 Coordinate Space 

We now move to coordinate space, beginning with the computation of dtx^: 

= gnis>Mt)s^^^ (e'\Onis).-^'^''J%iO +e-'(0n(s)J^('-)^4;,(0) (3.18a) 
= 47rG"«'^^'^W-(x(e, t))p„(.).(5, t) (3.18b) 

Pnir)>.{B, e, t) = l.Gn(r)t.Ms)um, t)) dtX^'-'^ , t) . (3.18c) 

Here we have used the form of the Hamiltonian in Eq. ()3.7|) and the {J, x} brackets ()3.12|) . 
as well as Eqs. ()C3|) . (j3.7cp and ()3.9b|) . These relations between dfXa and p(i?) are locally 
twisted WZW, i. e. they are the same as those found in closed-string WZW orbifold theory 
[TT] . This is not surprising because the locally twisted WZW requirement also played 
a role in determining the form ()3.12j) of the {J,x} brackets^^, which were used in this 
computation. 

As an apphcation of the result ()3.18a|) . we use the chain rule and Eq. ()3.6|) to derive an 
equation for the time derivative of the group orbifold element 

dtg{T, t,a)=z {g{r, ^, t, a)J^+\r, ^, t, a) - J^-\r, ^, t, a)g{r, ^, t, a)) (3.19a) 
d^g{T, t,a) = i {g{r, ^, t, a) (T, ^, t, a) + J^") (T, ^, t, a)g{T, ^, t, a)) (3.19b) 

d+g{T, t, a) = 2tg{r, ^, t.a)J^+\T, ^, t, a) (3.19c) 

d.g{r,^,t,a) = -2zj(-)(r,e,t,a)^(r,e,t,a) (3.19d) 

where the matrix currents J''^^(T) are defined in Eq. ()3.10b|) . For symmetry, we have also 

included the corresponding spatial derivative ()3.1()a|l of g. Note that these equations of 

t'^In fact, the locally twisted WZW property of the results H3.18|l tells us that our solution (|3.12l) for 
{J,x} is a posteriori correct - even without consideration of the rectification problem (see App. B). 
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motion are the same as those of closed-string WZW orbifold theory ^ and hence are 
locally twisted WZW. 

Similarly, we may substitute Eq. ()3.18c|) into the phase-space realization ()3.5p to obtain 
the coordinate-space form of the twisted strip currents: 

■^tv^^' ^' ^) = ^^+^^^'^'(^' t)e{^^ tUs)u''^'^'gnmnir)M (3.20a) 

= ^^-^"^^^'(e,t)^e,t)n(s)/^*^'6^nW5;nM^(a) (3.20b) 

jW(r,e,t,cr) = -'-g~\r,^,t,a)d^g{r,^,t,a) (3.20c) 

J^-\r,U,cr) = -'-g(r,i,t,a)dSg-\r,i,t,a) (3.20d) 

d. {g-\T)d+giT)) = 9+ {giT)d.g-\T)) = . (3.20e) 

The relations in Eqs. (3.20c,d) may also be obtained by inverting Eqs. (3.19c,d). The results 
in Eq. ()3.20ep follow from Eqs. (3.20c,d) and the conservation ()2.5cp of the currents. 

We may also define a bulk Lagrange density for each twisted open WZW string by the 
usual Legendre transformation 

= ^(G'„WM;n(s). + 5„(,,)^;„(,),)9+x^W'^9_x^W^ < e < vr (3.21a) 

^G^i^r),Ms>d+^f'^^d.x<'^'' = -^fr {M{T,a)g-\T)d^9{r)g-\T)d^g{T)) (3.21b) 

where Ti.^ is the Hamiltonian density in Eq. ()3.7b|) . and A4{T,cr) in Eq. (ICTB is the 
twisted data matrix encountered in Eq. p.2gD . As expected, this Lagrange density is 
locally twisted WZW, i. e. isomorphic in the bulk to the twisted sigma model form of the 
closed-string WZW orbifold Lagrange density [TT] . 

A complete action formulation of untwisted open WZW strings (in terms of group el- 
ements and extra boundary variables) was given in Ref. [10], but the complete action 
formulation of the basic class of twisted open WZW strings is an open problem. We note 
in passing, however, that the complete action formulation is in fact known for the twisted 
open-string sectors of the WZW orientation orbifolds ^Tj. This action is expressed in terms 
of group orbifold elements alone on the solid half cylinder, but we remind the reader that 
the open-string orientation orbifold sectors are not included in the basic class of twisted 
open strings. 



21 



3.5 The Generalized WZW Branes of Af^'^[H)lH 

Using Eq. ()3.18c|) . we find that the phase-space form ()3.8p of the boundary conditions can 
be written in the following two coordinate-space forms 

n(r) 

^?),(0, t, a) = j(-4(0, t, a), jW/vr, t, a) = e"^^^^ jl-^lvr, t, a) (3.22) 

)^(e,t)(-e(C,t)nM;."(^)^ - eiUUr),"-^'^") 

= d^x^^'^^^i^, t) (^(e, t)nM/."^'^' + e(e, tUr);"^'^") at e = (3.23a) 
a,i;^«^(e,t)(e'"*^l(e,t)„w/^^^^ - ei^,tUr),''^^>) 

n{s) 

= 95x"«'^(e,t)(e'"^^-e(e,t)nM/(^)'^ + e(e,t)nM/(^^^) at ^ = (3.23b) 

where the form in Eq. ()3.22|1 appeared earher in Eq. ()2.6j) . The equivalence of Eqs. (j3.22j) 
and ()3.23|) also follows directly from Eq. ()3.20p . 

These coordinate-space boundary conditions can be reexpressed in terms of the matrix 
currents and/or the group orbifold elements: 

JW(^, 0, t, a) = J^~\r, 0, t, a), J^+^r, TT, t, a) = E{T, a)J^-\T, vr, t, a)E(T, a)* (3.24a) 

g-\'T,i,t,a)d+g{T,i,t,a) 

^ f ^(T , t, (J)d-g-^ (T, t, a) at e = 

\ E{T,a)g{T,^,t,a)d-g-\r,^,t,a)E{T,ay at ^ = vr 

a = 0, . . . , iVe - 1 • 

These resuhs follow from Eqs. ()3.inb;i . (3.20c,d), (jT^ and the selection rule (jT^ for 
the twisted representation matrices. We remind that E{T, a) is the eigenvalue matrix of 
the extended if-eigenvalue problem in Eq. ()2.3|) . 

The first part of Eq. ()3.24b|) tells us that each twisted open WZW string ends at ^ = 
on an ordinary WZW brane The second part of Eq. ()3.24b|) tells us however that 

the open string ends at ^ = tt on what may be called a generalized WZW brane - different 
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(3.24b) 
(3.24c) 



from the ordinary WZW brane at ^ = 0. Indeed, the twisting of our open WZW strings 
can be understood as a consequence of having different branes at each end of the string^^. 

We also give the form of the generahzed WZW branes in terms of matrix elements 

m, e, t, a)d^g-\T, t, ^(^)^ at ^ = 

„ -NM-Nis) , (O./OI 



where we have used the form of E{T, a) in Eq. ()2.3p and the fact that the index structure 
of g{T) is the same as that of T. 

The description of the generalized WZW branes in Eqs. ()3.24j) . ()3.25p is a central result 
of this paper. 

As an explicit example, we give the matrix element form of the branes in sector cr of 
the general open-string WZW permutation orhifold: 

n{r)f,^jaj, N{r)f,-.jaj, ^ = ^ = (3.26a) 

^•ai(^, ^) = Tatjjia), t.j{a)ii"'"' = Sji6r6-_^i_^ Q^^^ ^^(^^ (3.26b) 

[Ta, T,] = tUT,, t-.^{a)tu{a) = 5,7t,V/,,(^) (3-26c) 

g{T, i, t, a)^J^' = 6/g,{r, ^, t, a)^J^ (3.26d) 



{g-\T, t, a)d+g{r, ^, t, a)) _ = 6/ {gj\T, ^, t, a)d+g, (T, e, t, a)).^ 

(^, (T, t, a)d^gj\T, t, o)) . at e = 

.J^ ' . (3.26e) 

e-'"^^.(-' {g,{T,^Xa)d^gj\T,i,t,a)).JP at ^ = tt 

g = ®iQ', 0^-0, T^~T (3.26f) 
a = 1, . . . ,dim 0, a = 1, . . . , dim T, j = 0, . . . , /,(cr) -1, a = 0, . . . , A^c - 1 • (3.26g) 

Here T is any irrep of Lie which labels an integrable irrep at level k of affine 0. This 
twisted open string is obtained when we appropriate our initial data from sector a of the 
general closed-string WZW permutation orbifold jHllZIE] on semisimple g. In this case, the 

■'■'^The prototype of this situation - a twisted open string with Neumann boundary conditions at one end 
and Dirichlet at the other - was first studied by Siegel in Ref. p[Tj . 
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twisted current algebra of sector a 

+ (3.27) 

is known as a general orbifold affine algebra [1,3,5-7,9]. The results (I3.26p . (j3.27|) are given 
in the cycle notation for permutation orbifolds 012], where /j(ct) is the length of cycle j 
and j labels the position in each cycle, e. g. : 

:/,(a) = p((T), j = 0,...,p(a)-l, j = 0,...,^-l, a = 0, . . . , p((t) - 1 (3.28a) 
Za, A = prime: p(ct) = A, j = 0,...,A-l, j = 0, a = l,...,A-l (3.28b) 

Sn ■ fj{<y) = (Tj, <yj+i < (^j, j = 0, . . . , n{a) - 1, aj = N . (3.28c) 

j=0 

The cycle-diagonal form of the group orbifold element g in Eq. (lOfidjl follows as in Ref. jH] 
from the form of T in Eq. (j3.26b|l and the exponential form ()3.(ja|l . 

Similarly, the explicit data fHI 13 El HHj for the various closed-string orbifolds on simple 
g can be substituted in Eq. ()3.24b|) to obtain the branes of the corresponding open-string 
WZW orbifolds. 

3.6 The Non-Commutative Geometry of Af^''{H)/H 

In this subsection, we continue our phase-space construction to determine the equal-time 
coordinate brackets 

^nir),Ms)u^^^ ^) ^ ^nW/.;n(s).^^^ ^) ^ S^S.n[r),^^^ t)^X<^>{T^, t)} (3.29) 

which will generalize the open-string non- commutative geometry of Ref. |23j . 

To begin, we use the inverse relations (|3.9p and the {J,x} brackets (|3.12|) to find the 
following partial differential equation for A^: 

a^A^('-)^'"W"(e,r/) 
= 27rz6;«W^^-('^)^(a)(ri(0„(i/('^)^e-i(r/)„(„),'^W^ 

- e^'(0nHr^^^'^e-i(r/)„(,/(^)'^)5^(e+r^) + A^«''^"W^(e, r^)A.(r7)„(i)5"(^)^ (3.30a) 

= 2vrz^^(^)^^"W'^(e, r,)5{i + 77) + K^rMt)^^^^ r^)kMnit)5''^'^'' (3.30b) 
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= {jl^^^)Mdnit)sr\vU^^^^^^ . (3.30d) 

The corresponding (9^Ao- equation is obtained from this result by noting that the bracket 
Ag- is totally anti-symmetric under the exchange ^ f], n{r)fi r7,(s)z/. 

In a compact matrix notation these PDEs read 

d.Kit V) = 2m^^{^, r])6{^ + v) + v)L{v) (3.31a) 

d^A^i^, T]) = 27n^^{^, + A^(OA.(e, V) (3.31b) 

¥^iv,0 = -^A^,v) (3.31c) 
where t is matrix transpose. The integrability condition for this system is: 

d^d,A^{^,7]) = d,d^A,{^,7]) iff (3.32a) 

(dr,^ai^, V) - ^.(e, V)L{V)) m + V)= {d^^A^, V) - KiO^AC, V)) + V) . (3.32b) 

Using the definitions of ^ and A in ()3.30|) . the phase-space realization ()3.5|) of the strip 
currents and the identities in ()3.14|1 . we have been able to confirm (after considerable 
algebra) that the integrability condition is satisfied. The inhomogeneous terms in Eq. 1)3.311) 
are boundary terms associated to the interaction between a non-abelian charge at ^ and 
a non-abelian image charge at —r]. Note that, because of these terms, the closed-string 
WZW orbifold bracket Awzw{(,,Vyt^'^) = is not a solution of the {x,x} PDEs. 

We may now follow Ref. [22| to find the following integral representation for the solution 
of Eq. (HnH): 

+ 7r2^V (^.(e,r/')5(e + V) + f/*(O^<x(0,r/')5(r/')) U-'iv'WM 
^T^iUiiO jji' lJ-^\0 (^.(r, + + 0)6imM) (3.33a) 

d^uAO = uAOKiO, d.tj'M = k'Mu'M (3.33b) 

U^Q) = UUO) = n, f/.(0 = f>(e, t, a), UUv) = U\V, t, a) . (3.33c) 
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In this solution, we have introduced the ordered product 11^ in each sector a, and only the 
quantity Ao-(0,0) = A(0, 0, t, cr) is undetermined. With the integrability condition ()3.32|) . 
it is straightforward to check directly that Eq. ()3.33j) solves Eq. flH.^Hl . Moreover, the 
required antisymmetry of the coordinate bracket 

A^(r^,0 = -A.(e,r7) (3.34) 

is guaranteed by the corresponding antisymmetric choice A^(0,0) = — Ao-(0,0). 

We may also evaluate the solution ()3.33j) explicitly, using the following integral identity 

I-, { ^(0,0) ife = 0,r^^O 

dif{i,i)5{i + i)=l i/(7r,7r) iii = r, = Ti (3.35) 

[ otherwise 

to obtain the result: 

r A.(0,0) if^ = ^ = 0, 

A.(e, = < ?7*(7r)(A.(0, 0) + Z7r^.(0, 0))f/.(7r) + Z7r^.(7r, tt) if ^ = = vr, (3.36) 
[ t/*(O(A,(0,0)+m^,(0,0))f/,(r7) otherwise. 

As in Ref. [231; this expression for the coordinate bracket is suitable for the computation 
of ^-derivatives in the bulk, but one must return to the form given in Eq. (I3.33p in order 
to compute ^-derivatives at the boundary. 

The preferred choice for Ao-(0,0) is therefore 

A,(0,0) = -«7r^,(0,0) (3.37) 

because in this case the twisted equal-time coordinate brackets vanish in the hulk, and are 
therefore locally twisted WZW: 

{xf'^'{0.xf'^''m = A^M^^"(^)'^(e, V) = { ^vr^^(^')'^^"(^)'^(7r, vr) if ^ = = vr, (3.38a) 

] otherwise 
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(3.38b) 



a = 0, . . . , iV, - 1 . 



(3.38c) 



(3.38d) 



These twisted coordinate brackets, which describe the new twisted non-commutative geom- 
etry of the open-string WZW orbifold A°J"^^{H) / H , are a central result of this paper. 

In the untwisted sector (a = 0) of A"^^'^{H) / H , the twisted coordinate brackets reduce 
to the following 



^(^ = 0)=^, e(^,a = 0)=e(O, ^o(e,^) = ^(e,^), Ao(e,r?) = A(^,r/) (3.39a) 

(3.39b) 



-z7r**J(0,0) if^ = ry = 0, 
{x\i),x^{r,)} = /\'^{i,r,) = { W^(7r,7r) if ^ = = vr, 

otherwise, 



(3.39c) 



which is recognized as the untwisted non-commutative geometry of Ref. j2Sl; now for the 
special case of the untwisted open WZW string A°J"^^{H) with a symmetry H. 

Using Eqs. ()3.6p . ()3.38|) and the chain rule, we have also computed the equal-time 
brackets of the group orbifold elements among themselves 



(3.40a) 

if e = = 0, 



' ivr(5(T,0)T„(,)5);vW;f(^)'^(5Cr',0)r„'(„)J^,(,,)/'(^>'x 
-in{g{T, vr)T„(,)5)^(,)/{^)-(5(T', vr)T'(^)J^, x 

otherwise 



n{u) 



g{T,0 = g{r,^,t,a) 



(3.40b) 
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where Cl is the adjoint action defined in Eq. ()3.14|) . 
All other phase-space brackets 

{B, e, t), p„(.).(5, t)}, t), i)} (3.41) 

can now be straightforwardly computed (in the order listed) from the inverse relations ()3.9j) 
and the known brackets 

USr),(0,jSs)M}, {jSU^),S:-J'^''iv)}, {x^^'-HO^K'-'^'iv)} (3.42) 

without solving any additional differential equations. The corresponding results are given 
for the untwisted case in Ref. (our sector cr = 0), but owing to the length of these 
expressions, we will not reproduce the twisted analogues here. 

Some explicit examples of the new twisted non-commutative geometry are given in 
App. D, and the following subsection works out the relatively simple quasi-canonical algebra 
of Xfj,p'^ for a large class of open-string free-bosonic orbifolds. 

3.7 Example: Twisted Pree-Bosonic Open Strings 

Applications of the orbifold program to closed-string free-bosonic orbifolds (including their 
twisted vertex operators and classical formulations) can be found in Refs. [3 IHl [H] ■ In 
the following paragraph, we briefly review the classical development of closed-string free- 
bosonic orbifolds. 

One begins with the general untwisted left-mover free-boson sector on abelian g 

/afe' = 0, e,"^ = -ei« = Bij=Hijk = (3.43a) 

{Ja(m), Jb{n)} = mGabSm+n,o, [Ta,Tb] = (3.43b) 

which may be considered as a formal abelian limit-'-^ of the untwisted WZW model Ag{H). 
Under a general automorphism uj{h„) eH C Aut{g), one flnds the twisted current algebra 
of sector a of a closed-string free-bosonic orbifold [71 . This gives us in particular the 
following left-mover input data for sector a of the corresponding open-string free-bosonic 

•t^The automorphism group of the abehan current algebra is of course larger than the automorphism 
group of the non-abelian starting point; for example, uj{h„) = —1 appears in the abelian case. 
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orbifold 



^n{r)fi;n{s)f (c^) = 0, [%i{r)fj., Xiis)^] = (3.44a) 

{4(r)/.(m+^), Jn(s)u{n + ^)} = (^+g^)^^+„+ ^W+'^(^) ,ogn(rV;-«(r),^(o^) (3.44b) 

{JnirU^+'^)^9i'^^ t)} = ^(r, t)r„M,e^('"+^)(*+^) 

-r„M,^(T,e,t)e^^-+^)(*-«) (3.44c) 

en{r)^l = —en(r)^i = <J ^<Jn{r)-n{s), mod p{a) (^d.44Clj 

Gn{r)ii;n{s)i^ ^ ^n(r)/i;n(s)i/ (o") (3.44e) 

Bn{r)^i;n{s)u = Hn{r)fi;n{s)u;n{t)5 = 0, (T = , . . . , Nc — I (3.44f) 



which also may be considered as a formal abelian limit of the left-mover WZW orbifold 
data. In these results, Eq. ()3.44ej) records that, for free bosons, the twisted Einstein metric 
G is equal [TT] to the twisted tangent space metric Q (see Eqs. ()2.2ap and ()3.7c|) ). As 
is clear from Eqs. ()3.43ap and ()3.44f|) . we are not treating the most general twisted free- 
bosonic open string in the basic class, which can also involve B ^ 0. Similarly, we will not 
discuss any particular target-space compactification of the twisted open-string coordinates 
Xa- below. 

Further classical description of these twisted free-bosonic open strings is obtained by 
substituting the data ()3.44|) into the more general WZW results above. For example, the 
phase-space realization ()3.5|) of the twisted open string reduces to the following: 

^Som(^' ^) = 2vrp^.v(e, t) + Id^K^^^i^, t)gnis)uMr),i^) (3.45a) 

JniU^^ = -'^^Pnir),{i. t) + \d^xf^>{i, t)^„(.).;„M^ (a) (3.45b) 

^it)M(^'^) = E UUrn+^^y-''"^^"^'''^'' ■ (3.45c) 

mGZ 

As another example, the boundary conditions in Eq. (|3.23p now take the simple form 

{n(r)}c{0,...,p((T)-l}, a = 0,...,iV,-l (3.46b) 

which describe the branes at each end of the twisted free-bosonic open string. Each sector 
cr of the open-string free-bosonic orbifold comes equipped (via the i7-eigenvalue problem 
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()2.3a|) ) with a specific set {n{r)} of spectral indices and hence a corresponding specific set 
of boundary conditions ()3.46p on the coordinates x"'-'^^^. 

In the untwisted sector {a = n{r) =0) we have n{r)fi — > i and these abelian results reduce 
to Dirichlet-Dirichlet (D-D) strings (with dtx^ = at both ends), as discussed in Ref. |23j . 
More generally, all the twisted coordinates are Dirichlet at ^ = in every sector a. One also 
finds that the coordinates x^'^{^, t) always have D-D boundary conditions, and furthermore 
coordinates x"*-'"''^(^, t) with = ^ have Dirichlet-Neumann (D-N) boundary conditions 
(with d^Xcr = at ^ = tt). As an illustration, the simple Z2 permutation symmetry ^ x'^ 
with Gab = ^ab leads to the abehan orbifold affine algebra 

{Jnir){m+^), Jn{s){n + ^)} = (m+ ^)2^,^^ ^ ^ n(r)+n(.) ^Q (3.47a) 
p{a) = 2, n(r),n(s) G {0, 1} (3.47b) 

and the corresponding open-string coordinates x"^^^^ of this twisted sector have boundary 
conditions D-D for n{r) = and D-N for n(r) = 1. However, in more general examples 
(with other values of ^^), the sets of boundary conditions in each sector are larger and 
have more complicated (mixed) behavior at ,^ = tt, as seen in Eq. ()3.4(i|l . Mixed boundary 
conditions with 5 = have also been observed in the open-string sectors of free-bosonic 
orientation orbifolds [T7]. 

In the remainder of this subsection, we will obtain the full quasi-canonical algebra 
of these twisted free-bosonic open strings, including in particular the non-commutative 
geometry of the {x, x} brackets. 

The non-commutative geometry of sector a of the open-string free-bosonic orbifold 
follows immediately in the abelian limit of the {x, x} brackets (|3.38|) 

K{^,t)=0, UA^,t) = l (3.48a) 
^n{r)^^Ms)^^^^^ ^) = 2i^"(")^'"(^)'^ (a) sin(2^0, a = 0, . . . , iVe - 1 (3.48b) 

{x:W'^(e,t),x^(^)^(r/,t)} = 

r ife = r/ = 0, 

- 27r5„M+„(,),o„.od pw6^"(^)^^-"('')''^(a) <^ sin(^) if ^ = = vr, (3.48c) 

otherwise 

where Q'{cr) is the inverse of the twisted tangent space metric in Eq. ()2.2|1 . We remark in 
particular that this geometry becomes commutative when = or ^ (i. e. D-D or D-N 
coordinates), which includes the untwisted sector a = (see Ref. [23 )• 
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To find the other brackets among Xa and p'^, we begin with the equations of motion 

dtif'^'m = - Jl'^U^.t)) (3.49a) 

d^x-/^^{U) = + Ji-J)AU)) (3.49b) 

which are the abehan hmits of Eqs. ()3.9ap and ()3.18a|) . Note that the boundary conditions 
in Eq. ()3.46|) also follow with the mode expansions ()3.45cj) from these equations of motion. 

The solution of the equations of motion for the twisted coordinates is: 

xO/^(^,t) = + 2g''^-''"'{a)(jo,m + y ^^^e-^'"*sin(mO) (3.50a) 

n(r)^0: x'^^'^''{^,t) = + 

T / I n{s) \ 

+ 2gnir),Ms>^^^ J2 "^^^^^"';;^^f)^ e'-(-+^)^ sin(m + fi)e • (3.50b) 

mez ^ + ^ 

At this point, it is helpful to note the following algebraic requirement 

{4M,(m + ^),rW^(e,t)} = 25„(.)/(^)'^e^(™+?^)*sin(m+^)e (3.51) 

which follows from Eq. (j3.45cp and the abelian limit of Eq. (|3.12j) . We find that the mode 
expansions in Eq. ()3.50p are consistent with Eq. ()3.5H) only when we choose: 

{'^nM,(m+^),g"(^)^} = 0. (3.52) 

Jacobi identities then tell us that the bracket of any two g's is at most a constant, which 
we will tentatively assume to be zero 

{^-(r-)M^ _ Q (3.53) 

so that the g's are simply c-numbers. 

We will also need the free-bosonic momenta 

P:ir),iU) = 4^(-iit^),(e,t) - (3.54) 

which are obtained in the abelian limit of Eq. (j3.9bj) . With these momenta, the mode 
expansions ()3.45c|) . ()3.50|) and the current algebra ()3.44b|) . we may now compute the full 
quasi- canonical algebra of Xa, 

{Pn(r)f.i^,t),Pn{s)uiV,t)} = (3.55a) 

{xf^'i^, t),p:^s)u{v, t)} = ^5„(.)."(^)K5(e -V)- cos( Jg}(e + V)m + V)) (3.55b) 
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ife = r/ = 0, 

27r5„(,)+„(,),0n.od p(.)6^"(^^^^-"^^)''^(a) <J sin(^) if ^ = ^ = vr, (3.55c) 

otherwise 

a = Q,...,N^-l (3.55d) 

in each sector of each open-string free-bosonic orbifold. To obtain these results, we found 
that the following identities citeOrientl were useful: 

sin(^(e-r7))(5(e-77)=0, 0<e,^<7r (3.56a) 

cos(?g(e-^))5(^-^)=5(e-^), 0<^,r/<7r (3.56b) 

sin(^^(^ + + 7]) = Q except at ,^ = r/ = tt (3.56c) 



E ^^si^((^+^)Osin((m+^)r^) 

p{cr) ^ 



.... I , ife = r^ = o 

vr ^ rfVsin(^r^')^(V) = <j f sin(^) if ^ = = vr (3.56d) 

otherwise . 



Following standard procedure in distribution theory, the sum in Eq. ()3.56d|) was defined by 
temporarily inserting a smearing function exp(— em^), e — > O"*". 

We call the algebras in Eq. (j3.55|) quasi-canonical because they are canonical in the 
bulk, and we also note that the result for the {x, x} bracket in Eq. ()3.55cp is in agreement 
with Eq. ()3.48c|) . Allowing constant non-zero {^, ^} brackets gives rise to overall additive 
constants in the {x, x} brackets, so the assumption in Eq. ()3.53p is equivalent to our earlier 
requirement that {x^x} vanishes in the bulk. 



4 Conformal Field Theory of Twisted Open WZW Strings 

In this section, we further develop (see Sec. 2) the quantum theory of our basic class of 
twisted open WZW strings. This discussion culminates in the derivation of the twisted 
open-string KZ equations in Subsec. 4.6. 
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4.1 The Quantum Hamiltonian and the Twisted AfRne Primary Fields 



Combining Eqs. ()A.3a|) and ()2.15|) . we obtain the quantum Hamiltonian of sector a of 

J 

- ^S-^;(;).;-n«,.(^)^o.^(0)) + Ao(a) (4.1a) 

:in(r)^(m + ^)J„(,),(n + ^):M= ^(m + jg > 0) J„(,),(n+ jg}) J„(,)^(m + J^) 

+ ^(m+^ < 0)4M,(m + f))4(.).(n+f)) (4.1b) 

+ ("^ + ^) '^„^+n+"W+"'-),0 ^^n(r)M;~n(r).((x) (4.1c) 

aii(e,t) = ^[i^.,i(e,t)]. (4.1d) 

Here we have also collected Eqs. ()A.3c|) . ()A.1|) and (|2.16a|) for reference. Explicit formulae 
for the conformal weight Ao(cr) of the scalar twist-field state are given in Eqs. ()A.3e|) and 
(IZ22HI). 

Using the classical theory and in particular the {J, g} brackets in Eq. ()3.16p as a guide, 
we may augment the quantum theory with the following equal-time commutators 

[J^M^.i^^ t)^9{r, V, t)] =2n{g{T, rj, t)r„(,)^5^ (^-r/) 

-Tn(r)f,giT,r],t)5nir){^+r])) (4.2a) 

AMui^^'t)^9i'^,V,'t)] =27r( - %^(r)^^giT,r|,t)S_n(rx{^-r|) 

p{(t) 

+ ^(T,r7,t)T„(,)^5_^(e+r/)) (4.2b) 
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where this g{T) is the open-string twisted affine primary field in twisted rep T. The 
(classical) group orbifold element g{T) of Sec. 3 is the high-level limit of this operator field. 
As noted above for the corresponding brackets in Eq. ()3.1f)|l . the commutators ()4.2|1 satisfy 
the J, J, g operator Jacobi identities. 

Moreover, using the mode expansions ()2.5|1 of the twisted strip currents, we find that 
the mode commutator 

[JnirUm + ^),gir, e, t)] =g{T, t)%,^,^,e'^'^^^^^'^^^ 
is equivalent to both Eqs. (j4.2aj) and ()4.2b|) . 



4.2 Time Dependence of the Twisted AfRne Primary Fields 

Using Eqs. ()4.1|) and ()4.2|) . we find after some algebra the time evolution of the open-string 
twisted affine primary fields 

dtg{r,i,t)=i[H,,gir,i,t)] (4.4a) 
^2,^nM,;-„w,.(^) ( : J(|) ^(e, t)g{T, e, t)T_^ir),.-%ir)J'LX^^M, t) :m) 

+ ic'^p^'^ia) {g{r, t)%,^%,, + %,,%,,g{r, ^, t) - 2%j{r, e, t)ro,,) 

+ m,U)%,s - %,9{r,U)) (4.4b) 

which provides our first example of a twisted vertex operator equation. The mode normal 
ordering : • :m in Eq. ()4.4|1 is defined as follows 

■ 4?,>(f . MT, ?, *) :m= Jg',;(f , t)HT, i) + j(r, f , i) t) (4.5a) 

JS^^it t) - E 4,.,„(r»+S3)e-""*S^'"*" (4.5b) 

m>0 
m< — 1 

■^t^iie, t) + Jiti(e, t) = Jit).(^' ^) (4.5d) 

where J^^^^ are called the partial currents. Since £ g*/2 and J = 0{k2) in the high- 
level limit, the classical equation of motion in Eq. ()3.19ap is indeed the classical limit of 
the twisted vertex operator equation ()4.4p . 
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An alternate form of the open-string twisted vertex operator equation ()4.4b|) is the 
following 

2^^nM,;-nM..(^) (: J^^^^,{^, t)g{r , t)r_„(.),.-r„(,,), t)^(r, e, t) -.m) 

- 2z/:j;;;'^-"(^)'^(a) (?g^(r,e,t)T„M,T_„(,.),. + ^r„M,T_„(.),.^(T,e,t)) (4.6a) 

<?""^^^'^(^)^nM.^-nM,.= f/(T,a)D,(T)f/t(T,a) (4.6b) 
Dg(T) = LfTaT, (4.6c) 

where — n(r), which is the pullback of — n(r), is formally defined in Eq. ()A.3fjl . The quantity 
Pg(o-)(T) is called the twisted conformal weight matrix |6^ and Dg{T) is the untwisted 
conformal weight matrix of rep T of g. To obtain this result, we used the identities: 

r. ^n{r)/i;-n(r),i/ n{r)q- q- _ 

nn(r)^i]~n{r),v n{r)q- q- _ 

= (r„W,r_„M,.(l - <5,(,,),o) - ^5g^n(.),;-nM,.°''(^)^0,.) • (4.7b) 

The identity (j4.7ap was given in Ref. jB], and Eq. ()4.7b|) follows easily from Eq. (j4.7ap and 
the orbifold Lie algebra ()2.2f|) . 

We consider next the correlators A„ of the open-string twisted afiine primary fields in 
the scalar twist-field state (see Eq. 1)2.211) ). With Eq. ()4.3p . we immediately obtain the 
global Ward identities for these correlators 

L(T, t) ^ (^(T«, ^1, h)... ^(r("), e„, t„)). 

= ^(0|^(r(i), 6, ti) . . . ^(r("), t„) |0). (4.8a) 
([ Jo,^(0), ^(T«, ei, ti) . . . ^(r("), a, t„)]). = (4.8b) 

71 n 

^ A^{r, e, t) To« - 5^ r«i.(r, t) = o (4.8c) 

j=l i=l 

which generalize the untwisted open-string Ward identities of Ref. [^H! • 
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Towards obtaining twisted open-string KZ equations for these correlators, we give the 
following properties of the scalar twist-field state 

^iS;(e^^)|0). = .(0|jitt(^'^)=0 (4.9) 
which follow immediately from Eq. ()2.2H1 and the definition of the partial currents in 
Eqs. (4.5b,c). With these properties and the twisted vertex operator equation ()4.4|1 . we 
may obtain the time derivatives of the open-string correlators Aa-: 



-A ' T^ ' — - T^^^ A T^*-^ 



T A T + — T T A 



I — Qi{<t>j-<l>i) -'"■(r),'^ °" n{r)^l _ ^i{<l,j-4,i) -n{r),u n{r)fj, 



(f>i = ti + ^i, (l)i = ti-^i, i,j = l,...,n. (4.10b) 
Tensor products are assumed in the result ()4.10j) . for example 

[^n?).> J = , (4.11b) 

although T^^^T*^*^ is standard matrix multiplication. 

In the derivation of Eq. (j4.1Uj) . we also needed the commutators: 



-)^nir),9{r^'\i3^h) (4.12a) 



T l_e-fe-^.) ^a.^(^"^0,t.). (4.12b) 
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The infinite sums evaluated here are conditionally convergent, for example 

m>0 

- e^^^^-'^'^r}ll^^giT^^\ e„ t,) J2 e^'"^^^"*'^ (4-13) 

m>0 

and we used the untwisted open-string prescription of Ref. [23] to evaluate these sums. 

The global Ward identities in Eq. (j4.8j) and the differential equations in Eq. (j4.1(jp are 
the first two components of the desired open-string KZ system for A°^'^"'{H)/H, a complete 
form of which can be found in Subsec. 4.6. 

4.3 Constituent Twisted AfRne Primary Fields 

In this subsection, we introduce the constituent twisted affine primary fields which provide 
an alternate derivation of the twisted vertex operator equation (j4.4bj) for dtg, and will also 
be helpful in determining the corresponding twisted vertex operator equation for d^g. 

Following Refs. ^3 1131 1231 El E] , we define the constituent twisted affine primary fields 
9±{T) by factorization of the twisted affine primary fields: 

g{r, e, t) = g^r, e, t)g+{T, ^, t) (4.14a) 
[Jnir)M + ^+(^, ^, t)] = g^{T, t)r„(,),e^^"^+?S)(*+«) (4.14b) 

[■U),im + ^),g_{T,^,t)] = -r„(.),^_(r,e,t)e^(""'?Sy)(*-^). (4.14c) 

The simpler commutators in Eq. (4.14b,c), reminiscent of chiral primary fields, reproduce 
the algebra ()4.3j) of the current modes with the full twisted affine primary fields g{T). 

By direct computation with Eq. ()4.14p and the mode form ()4.1a|) of the Hamiltonian, 
we find after some algebra the twisted vertex operator equations of the constituents 

dtg±{r, ^, t) = t[H„, g±{T, ^, t)] (4.15a) 

d,g4r,^,t) = 2zC;^f-'~-^^^^''{a) :ji^^),{^,t)g4T,^,t)r^^^r)y.M 

+ zg4T,U)V-,^^^{T) - 2z£^{:J'^-"(^)'^(a)fl^4T,e,t)r„(,,),r_„(.),. (4.15b) 

dtg-{r,U) = -2^C;l:]'■'-^'^'''{a) :%ir),j[-X)A^,t)g4r,U)-.M 

+ ^V~,i.) {Trg-{T. t) - 2^£^{:|'^^-"('-)'^(a)^r„(,),r_„(,),.^_(r, e, t) (4.15c) 
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where we have again used the identities in Eq. ()4.7p to simphfy these results. The mode 
normal ordering here is the same as that defined in Eq. ()4.5p with g ^ g±- 

As a check on the consistency of the factorization ()4.14|) . we may use Eqs. (4.15b,c) to 
successfully reconstruct the vertex operator equation ()4.6|1 of the full twisted affine primary 
field: 

dtg{r, t) = dtg.{r, t)^+(r, t) + g-{r, t)dtg+{r, t) (4.16a) 

- : r„(,)^ t)^_(r, e, t) -.m g+{r, t)) + i[v~,^.){T),g(T, e, 

- 2^/:^{:;'^-"(^)'^(a) (f}Mr,e,t)r„(,.),r_.(.),.+^r„(.),r_„(.),.^(T,e,t)) (4.i6b) 

_2^^nM,;-nM,.(^) (jW ^(T, e, t)T„M,T_„M,.+ ^T^^.T.^^^^ . (4.16c) 

In this computation, the expression in Eq. ()4.16b|) was not completely normal-ordered, so 
we used the following identities 

[jl^^;-^{^,t),g.{r,U)] = ^3^r„(,),^_(r,^,t) (4.17a) 

[Ji'^rti^,t),94T,U)] = ^^^+(r,e,t)r„(,)^ (4.17b) 

e p(ct) ^ g p{o-)^ 

+ 1 _ e-2.€ = '^^(^)'O ^^•^'^"^^ 
to obtain the completely normal-ordered result in Eq. ()4.1(ic|l . With Ref. [23], we note 
the singularities at ^ = and tt of the commutators in Eq. ()4.17|) . Although (as seen in 
Eq. ()4.17c|) ) these singularities cancel in the computation of dtg, we shall see in Subsec. 4.5 
that the singularities persist in d^g. 

Using the mode-ordered form ()A.3aj) . the algebra ()4.14|1 and the twisted vertex operator 
equations, we may also give the action of the Virasoro generators Lu{m) on the constituent 
twisted affine primary fields: 

[L.(m), ^+(T, t)] = g4T, ^, t) + mPg(.) (T))e^"^(*+«) (4.18a) 

[L.(m),^_(T,e,t)] = e^'"(*-«)(-z9i + mDg(.)(T))^„(T,e,t) . (4.18b) 
We have checked that these commutators satisfy the L, L, g± Jacobi identities. 
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4.4 The Constituents are Chiral 

In the untwisted results of Ref. [22] , the constituent affine primary fields g+(T), g^(T) 
of AgP'^^ are in fact chiral and anti-chiral respectively. As we will see below, the same 
properties hold for the twisted constituent fields g^{T), g^{T) of the open-string orbifold 
Af^''{H)/H. 

Following Ref. [2S1 , we begin this discussion by returning to the bulk momentum oper- 
ator (ITT7|i 

2n p-i{2m+l)t 

which we have now expressed in terms of the open-string Virasoro modes. By direct com- 
putation with the algebra ()4.18|) . we then find that 

i[P^it),g+iT,^,t)] =4 (^^%e*''5(2r/)^ dtg+{T,^,t) 

+ 4e^«5(20^+(r, e, (T) (4.20a) 

z[4(t), ^_(r, e, t)]=-4 e-'^6{2r])^ d^g^T, ^, t) 

+ 4e-^«5(2O2^0(.) (T)^_(r, ^, t) (4.20b) 

4 /%e'^5(2r/) =4 f dii e'^^ 5{2r^) = \\ '| ° ^ f ^ (4.20c) 
Jo Jo [ if ^ = 0, vr 

where the twisted conformal weight matrix Pg(o-)(T) is defined in Eq. fl4.6b|) . The summa- 
tion identities j2Sl 

E -^^^^ = ±2vr^ / dr, e^^H{2r^) (4.21) 

were used to obtain these results. 

The last terms in Eqs. (j4.20ap and ()4.20b|) are quantum effects which contribute only 
at the boundary, so that the result 

%±(T,e,t) = 2[P.(t),^±(r,e,t)] = ±dtg{r,i,t) < ^ < TT (4.22) 

is obtained in the bulk. Following the classical intuition developed in Subsec. 3.2, we may 
smoothly extend this result to include the boundary 

a_^+(r,e,t) = 5+^-(r,e,t) = 0, d± = dt±d^, 0<e<7r (4.23) 
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which tells us that, as in Ref. [211, operators g+(T) and g-(T) are respectively chiral 
and anti-chiral. 

In fact, we may use the twisted vertex operator equations ()4.15|) and the chiralities 
()4.23|1 in the form ^d±g± = dtg± to obtain the following set of light-cone twisted vertex 
operator equations: 

+ tg^iT, e, (T) - 2tCfJ^^-'--^''^'''iay:^g^iT, ^, t)T„(,,),T_„M,. (4.24a) 

+ .Pg(.)(T)^_(T, e, t) - 2^/:^J:;^-"(^)-'^(a)^T„(.),r_„M,.^„(r, e, t) . (4.24b) 
It is easily checked that these equations are consistent 

9+9_^±(r,e,t) = 9_9+^±(r,e,t) = (4.25) 

because 5'4.(T), J^^\^) are chiral and g_{T), J^^\^) are anti-chiral. 

Together, the chirality conditions ()4.23p and the light-cone vertex operator equations 
()4.24|) will determine the dynamics of the full open-string primary fields g = We 
defer this analysis to the following subsection however, focussing here on further properties 
of the constituent fields. 

As an example, we may use the differential equations ()4.24j) and the commutator iden- 
tities 

[JS)%, t,), ^+(r(^-), e„ t,)] = ±^^—^9^i'r^'\^,, t.Orj?^), (4.26a) 

[^t5te,t.),^-(T(^-\e,,t,)] = T ;^^'^^') 7;!a,^4T^^\e.,t,) (4.26b) 

to find the twisted KZ equations for the chiral and anti-chiral correlators A^: 

g±it)^g±iT^'\^^,U), i±^(^±(l)---^±(n))., d,.A+ = d,+A- = (4.27) 



^~r~\{4>j ~4>i) 

+ ^i;^P,(.)(r«) - 2^£j«--"(^)-(a)f)i^r« ^r«(^,, (4.28a) 
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+ .p,(.)(r«)i; - 2.£^{:|--'^(^^-(a)^rj;)^r«(^,,i; (4.28b) 

9,± = 9t,±%, r« = r(T«), i = l...n. (4.28c) 

These twisted KZ equations are similar in form to the chiral and anti-chiral twisted KZ 
equations of closed-string orbifold theory [HI El IHl CHI • In contrast to closed-string orbifold 
theory, however, the open-string correlators A„ of the full twisted affine primary fields 
cannot be factorized into the open-string chiral and anti-chiral correlators A"^: 

g{{) = giT^'^.i^^U) = g-{T)g+{i) (4.29a) 

A, = {g{l) ■ --gin))^ ^ (^_(1) ■ ■ • ^_(n)).(^+(l) ■ ■■g^{n))„ = A'A^ . (4.29b) 

This follows because in open WZW theory twisted or untwisted, the single set of 
current modes J (or J) acts on both chiral constituents of the primary fields, so that the 
chiral constituents are not independent. 

Finally, we may use the chirality ()4.23p to recast the commutators ()4.18|) in the form 

[L^{m),g^{T, ^, t)] = g^{r, ^, t){--% + mP^(.) (r))e^-(*+«) (4.30a) 

[L^{m),g-{r,i,t)] = d^^'~<^\-'-d.+mV^,(^){T))g_{r,i,t) (4.30b) 
and these commutators also satisfy the L, L, g± Jacobi identities, as expected. 



4.5 The Full Twisted Vertex Operator Equations 

In this subsection, we assemble the chiral and anti-chiral constituent information above 
to obtain the complete set of vertex operator equations dtg, d^g for the full twisted affine 
primary fields g of the open-string orbifold. 

We begin by writing down the following set of light-cone twisted vertex operator equa- 
tions for g: 

+^^(r,e,t)^^6M(r) - 2z£^(:;^-"(^)''^(a)f)^(r,e,t)T„(,,),T_„M,. 

-2^^^J:^~"^'"^''^(^)f^^^nM.^(T,e,t)T_„(.),. (4.31a) 
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\dSg{T,i,t) = -2iC. 



.n(r)fi;—n{r),u 



(a) ■■Tn(r)fiJ[ 




+zPg(.)(T)^(T,e,t)-2< 



.n{r)fi;—n{r),u 



-2iC 



,n{r) ^■,—n(r) ,v 




(4.31b) 



To obtain these equations, we used the chirahties ()4.23p and the constituent vertex operator 
equations ()4.24|) - and moreover, as in Subsec. 4.3, the commutators ()4.17|) were used to 
obtain the fully normal-ordered form given here. The consistency of this system 



follows by construction from g = g-g+. 

Using the light-cone vertex operator equations (j4.3ip . we then immediately obtain the 
vertex operator equations for the t- and ^-derivatives separately: 



dtg{T,i,t) = 

- 2^£^{:j^-"('-)''^(a) (|Q^(T,e,t)r.M,T_„(.),. + ^r„(.),r_„(.),.^(r,e,t)) (4.33a) 

%(T,e,t)= 

= 2zc;Pf^-^'^^''{a) (: j^;) /e, tygiT, e, t)r_„(.),.+r„M, j^J(^)_^(e, tmr, e, t) -.m) 

+ ^[l?g(.)(T),^(T,e,t)] 

+ 2z/:gf^j^'""^''^'''(0-) {i cot ^5nir),0 - y^^Z^ (1 " -^nM.o) ) '4(r)/.^(T, ^, t)T_n{r),u 

- 2^C^{■'--^^^^\a)[^;^^^ . (4.33b) 



We remind that the dt equation appeared earlier in Eq. ()4.16c|) . 

As anticipated in Subsec. 4.3, the singularities in Eq. (4.17a,b) at ^ = and vr persist 
in the d^g equation ()4.33b|) - and hence in the twisted affine primary fields themselves. 
Following Ref. we emphasize that these singularities are closely related to the non- 
factorization phenomenon in Eq. (j4.29j) : Both phenomena arise because the chiral con- 
stituents ^+ and g- of open WZW strings do not live in independent subspaces. On the 



[9+,9_]^(T,e,t) = 0, d± = dt±d^ 



(4.32) 
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other hand, the affine primary fields of closed strings (including ordinary orbifolds) have 
independent chiral constituents g± - and therefore have no such singularities. 

We finally note that the chiral commutators in Eq. ()4.30|) and the factorization ()4.14|) 
give the following commutator for the full twisted affine primary fields 

[L.(m), ^(T, t)] = g{r, ^, t){--% + mDg(.)(r))e^-(*+«) 

+ e^™(*-5)(-^9_ +mI)g(.)(T))^(T,e,t) (4.34a) 
= e^'"* {-i cos(mO<9t + ?>in{mi)d^) g{T, ^, t) 

+ me™* (e™«^(r,e,t)I?gw(r) + e-^'"«I)gM(T)^(T,e,t)) (4.34b) 
where the twisted conformal weight matrix 1^0(0-) (T) was given in Eq. (gSEl). 

4.6 The Twisted Open-String KZ Systems of A°p^''{H)/H 

Using the light-cone twisted vertex operator equations ()4.31|1 and the commutators ()4.12|1 . 
we may now obtain the full twisted open-string KZ system 



= ,(0|^(T«,ei,ti)---^(^^"\en,tn)|0)., or = 0,...,iV,-l (4.35a) 
la .A _ 9,-/-'^('')m;-«{'"),!^/ W ^ " " a t^J) t^^) 



^'^E^o2-E^o!:M'^ = (4.35d) 



= 9^, ±%, <j), = U + Ci, ^^ = U-i^, T^^ = r{T^\a), i = l...n (4.35e) 

in sector a of each open-string WZW orbifold. The explicit formulae for the inverse in- 
ertia tensor C and the twisted representation matrices T are given in Eqs. (2.2c,d), while 
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the integers n{r),p{a) are defined in the if-eigenvalue problem ()2.3a|) of the underlying 
untwisted theory. 

The twisted open-string KZ system in Eq. fl4.35p is another central result of this paper. 
For brevity we will not give the dt^ , d^. form of this system, which is easily obtained by 
linear combination. 

As an explicit example, we give the information needed to realize the twisted KZ systems 
of the open-string WZW permutation orbifolds: 

n(r)/i ^ jaj, ^ = g = ®iQ^, ~ simple (4.36a) 

^^^^SW l^^-^ f^{a)2k + Q, ^^-^^^^ 
T„(,)^(r, a) ^ 7].,^.(r, a) = Tj.^{a) (4.36c) 

j = 0, . . . , /, (a) - 1, a = 1, ... dim . (4.36d) 

This class of open strings arises when we appropriate our initial data from the sectors of any 
closed-string WZW permutation orbifold [HI El IHl on semisimple g. The cycle notation in 
Eq. ()4.36p and the branes of these permutation-twisted open WZW strings were discussed 
in Subsec. 3.5. 

Similarly, the explicit data [El 13 El UH] for the various closed-string orbifolds on simple 
g can be substituted into Eq. ()4.35j) to obtain the twisted KZ systems of the corresponding 
open-string WZW orbifolds. 



4.7 The One-Sided Form of the Twisted KZ Systems 

In the two-sided notation above, the twisted representation matrices T act on both sides 
of the open-string primary fields g and the open-string correlators A„. The open-string 
dynamics is however more transparent when expressed in an equivalent one-sided notation 

~g{T, z, z, a)^(^)^^^M^ ^ ^(T, z, z, a)^^r),''^^> (4.37a) 
(i?^(T,^,^,a)C)^M/(^)^ = i?7vw/^*^'^^W5'^^"^^C'^H.'^^^^' 

= -(^(T, z, z, a)C ® Bf^'>'^'^'-^^ (4.37c) 
B = -B\ (i?*)iVM/^^^^ = 57V(.).^(^)'^ . (4.37d) 
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Here t is matrix transpose and 5* is the image on the right of B on the left. In our 
apphcation, we will then need the barred^^ matrices T 



= xM„(.vf^(^)n(r)/f/(T, a)faU\f, a) = r„(,)^(f , a) (4.38a) 

[%i{r)fi,%i{r)n] = i^n{r)^i-,n{s)J'^'^^'^^'''^'\<^)T'n{r)+n{s),5 (4.38b) 

which are the image of T and moreover satisfy the same orbifold Lie algebra ()2.2f|) . We 
remind the reader that, as shown in Eqs. ()4.37b|) . ()4.37cp . T always acts on the right indices 
of while T acts on the left indices. This C®B bookkeeping should be born in mind even 
though we sometimes neglect the ordering in the tensor product 

f®rr:^T®f (4.39) 

for notational convenience. 

It is straightforward to reexpress all the results above in the one-sided notation, but we 
limit ourselves here to the one-sided form of the twisted open-string KZ system 

^(r, t) = ^(0|^(T(i), 6, ti) . . . ^(r("), a, tn) |0). (4.40a) 
^d+X{r, e, t) = X^iT, e, t)#i(e, t, a), Id^A^ir, e, t) = ~K{T, e, t)W,{i, t, a) (4.40b) 

- S^JwJ^iV). + ^^mi^^'') (4.40c) 



- + (4.40d) 

i.(r, e, t) 5^(To2 ®t + t® ro«) = (4.40e) 

i=l 

D^(.)(r) = /:^;:;^-"('^)'^7;(.),r_„(.),. = v^.w^y = i?g(.)(T) (4.40f) 



t^The last forms of T in H4.38a|) use the eigenvector matrix relation U{T,a) — U{T,a)* chosen for 
untwisted rep T in Rcf. 



45 



which holds in sector a of A''J"^'^{H) / H . Here W ^ W are the twisted KZ connections of the 
system. In the ^^^^jl'T term of W, we have used an n{r)fi ^ —n{r), v exchange to order 
the twisted representation matrices as shown. We remind that, in spite of the numerical 
equality ()4.40f|) . the twisted conformal weight matrix 1)0(0-) (T*^*)) operates on the right 
indices of ^(T^*)). 

A more familiar form of the twisted open-string KZ system is obtained in terms of the 
reduced correlators F„ 

F^iT,z,z)^l[A^{T,U)z; '^zT'^-^' (4.41a) 

1=1 

diF^{T, z, z) = F^{T, z, z)Wi{z, z, a), BAiT, z, z) = F^{r, z, z)W,{z, z, a) (4.41b) 

iy.(.-,.,a) = 2£^;:;--"(^)'7a)(5:(^^ 



■,n{r)^;—n{r),u/ \f / Zj \ n(r)ii ^ —n(r),i/ 



5^4 -f (•?■) ^ 'r(«) 



Z'l Zj 



^y(!l\^ ^njr), ® ^-n(.).. _ nM i^^^ ^ ) (4.41c) 

j \ 1' / * J * 



-,n{r)ij.;—n{r),iy / \ / / Zj \ ''y"' n{r)p. ^ —n{r),v 



W^(.-,.,a)=2£;{:;--"(^)-(a)(5^(|) 



Z'i Zj 



( n(r) (j) -^(j) 

h\ ^n(.), ® ^-njr),. _ n^^f^^ , ) (4.41d) 

7. I 7.-7. P{o") 7. ■n(r)n -n{r),u/ V ^ 

n 

hir, -z, z) ^(To^ + ro«) = (4.41e) 

i=l 

^^^e^'N = a, ^^ = -49+,, a, = J- = -49_, (4.41f) 

ri{r) n(r) 

£1^ ^ ^ {h^ ~' ^ e^^^^-^^) (4.41g) 

fi{r) n(r) 

tl\ = e'^^'^^"'^'\ (^j = e*^^'^^"'^^^ (4.41h) 

a = 0, . . . , iV, - 1 (4.41i) 

where the variables ^, z are the Minkowski-space analogues of the usual Euclidean variables 
on the sphere. An analytic continuation of this system to Euclidean space would presumably 
maintain the phase conventions in Eqs. (4.41g,h). 
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As emphasized for the untwisted case in Ref. [23j and expected generally in open strings, 
the system (14.411) shows interactions among charges T*^*^ at Zi and image charges T*^*^ at Zi. 

In fact, the twisted open-string KZ system ()4.4ip can be understood as a "doubled" 
but ordinary chiral orbifold KZ system [HI El QSj on 2n variables: 

F.(r, {z}) = F^{r, z, z), dJ^iT, {z}) = F^{r, {z})W^{r, {z}, a) (4.42a) 



W,{T,{z},a) = 2£: 



n{r)fi;—n{r),u . 



0" 



[E 



z. 



z. 



n(r)/i 



—n(T),v 



2n 



^ p{a) n(r)ij, —n{r),u 



F.(T,{.})^To;;)=0, V/i 



K = l 



d 

T; ) ^Kp — ^p) 

oz^. 



^K) 1^ — 1 . . . ?2, 

^K_n, K = n + 1 . . .2n 



(4.42b) 
(4.42c) 

(4.42d) 



n{r-)p, ' 



(4.42e) 



^nW/X^^^W) K = l...n 
7;(,)^(f('^-"),a) fi: = n + 1...2n. 

It follows that the n-point correlators of our twisted open WZW strings have the same 
general structure as the 2n-point correlators of closed-string orbifold theory. This structure 
for the correlators of open-string CFTs 1^ was emphasized in the untwisted open WZW 
theory of Ref. [2S1 and in the open-string sectors of the WZW orientation orbifolds [TBj . 



5 Discussion 



In this paper, we have constructed what we call the basic class of twisted open WZW 
strings. This class consists of all the sectors a = ... A^^^ — 1 of the general open-string 
orbifold A°^^^{H)/H, which is an orbifold of the Giusto-Halpern open string A°^^^[H) by 
a symmetry H C Aut{g). 

Our construction generalizes the untwisted construction of Ref. and all of our 
results reduce in the untwisted sector cr = to the corresponding results of that reference, 
including e. g. the untwisted open-string KZ equations 

n 

F{z, z)^ll i(T, t)zr^(^«) ^ ,-^(^«) (5.1a) 

i=l 

diF{z, z) = F{z, z)Wi{z, z), diF{z, z) = F{z, z)Wi{z, z) (5.1b) 
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W,{-z, z) = 2Lf ^^^-^^ + (5.1d) 

n 

F(z,2)^(Ti*) (g) 1 + ]l®f») = 0, Va= l...dim c/ (5.1e) 

i=l 

[Ta, T,] = ifat'T,, [fa, f,] = ifab'f, (5.1f) 

where T is any irrep of g and T = — T*. We remind the reader however that these correlators 
must be if-symmetrized because they now reside in sector o" = of an (open-string) 
orbifold. 

As noted in the introduction, there is another known class of twisted open WZW strings, 
namely the open-string sectors of the WZW orientation orbifolds [T6t IT7] , and it is natural 
to ask whether these twisted open strings are included among the constructions in our 
basic class. Certainly one does not expect the basic class to contain all the open-string 
orientation-orbifold sectors, because the sectors of each A°^^'"'{H)/H are labelled by a com- 
plete set of conjugacy classes of if, whereas this is not always true for the open-string 
sectors of an orientation orbifold. In fact, we can be certain that the basic class contains 
no open-string orientation-orbifold sectors for the following technical reason: The twisted 
representation matrices associated to the left- and right-movers of A°J"^^{H) / H are T and 
T = — T* respectively, while in the orientation orbifolds the left- and right-mover twisted 
representation matrices are not the bar of each other. 

The construction of this paper should therefore be generalized in order to include at 
least the open-string orientation-orbifold sectors, and presumably many other twisted open 
WZW strings. The general twisted boundary state equation of App. A suggests the ap- 
propriate generalization: The idea is to introduce into the present construction an extra 
automorphism Cj{n{r), cr) of the twisted current algebra - which is expected to generate new 
twisted open WZW strings T-dual to our basic class at = 1. It is of course well-known 
even at the untwisted level that N-N and D-D strings are T-dual to each other, and are re- 
lated by just such an automorphism. Moreover, it is not difficult to check that the left- and 
right-mover twisted representation matrices of the open-string WZW orientation-orbifold 
sectors are indeed related by an automorphism of the twisted current algebra. With these 
clues, we will return to discuss the open-string picture of the general twisted open WZW 
string in a future paper. 
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A General Twisted Boundary States 

The development of the text followed the standard open-string picture jSB] of open strings, 
in which the strings are described by a single set of current modes and a corresponding 
single Virasoro algebra. On the other hand, in the standard closed-string picture of open 
strings (see e. g. Refs. [IHlllZI), one describes the open string by a boundary state equation 
in the space of left- and right-mover current modes. 

In this appendix, we will discuss and extend what is known about the boundary states 
in the closed-string picture of twisted open WZW strings. In this picture, we begin with 
the twisted left- and right-mover current algebras in sector a of any WZW orbifold 
MH)/H 

+ ("^ + S)'^m+„+!i(l)±!i(£l oGn{r)f,;-n(r)ui(^) (A.la) 

p(tT) ' 

[Jnir),im + ^)J^^,),in + ^)]=0, a = 0,...,Ar,-i (A.lc) 

+ ^^^^) = Jnir)M ± 1 + ^) (A.ld) 

4(.)±pM,,(m + I^M^) = J„(,),(m ± 1 + ^) (A.le) 
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where Nc is the number of conjugacy classes of H G Aut{g). The left-mover modes J are the 
same as those of the text, and ^(cr) and J^(ct) are the twisted metric and twisted structure 
constants of the sector. 

Because of the sign reversal of the central term^^ in the right-mover current algebra 
(|A.lb|l . Ref. |E| was able to give the following consistent equation for the twisted open- 
string boundary states of twisted sector a 

{Jnir),{m + ^) + Jnir),{m + ^)) \B)^ = 0, a = 0, . . . , iV, - 1 (A.2a) 

= .^nM.;n(s)/(^)+"«'^(a)(j + Jl(.)^„(,),,(m + n + MzigM) (A.2b) 

without any consideration of the rectification problem jSl 13 El UH] reviewed in App. B. We 
expect that these twisted boundary states describe the twisted open strings in the basic 
class of this paper, but we emphasize that for cr 7^ no attempt has thus far been made to 
find explicit solutions of this system. 

As an extension, we consider next the corresponding action of the Virasoro generators 
on this set of twisted boundary states. For this computation, we will need the explicit forms 
IHj of the left- and right-mover Virasoro generators in terms of twisted current modes: 



- ij^J^n{r)tx--n{r)/'\o-)jQAm)) + Smfl^Q^Cy) (A.3a) 



= ^^^^S'"'""^'^''!^)! E • Jn{r)t.{p + ?Q)^-n(r),.(-m - P - ^) '-M 

~ ^-^^n{T)p.--n(T)A'\(y)jQA-"^)) + '5m,oAo(cr) (A. 3b) 

■i-^This surprising feature follows directly from the WZW orbifold action, and has also been explicitly 
checked at the level of characters |6|. 
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■■Jn(r)^.{m+'^)Jnis)v{n + ^):M=0{m+^^>Q)Jn(s)^^^ 

+ e{m+^ < 0)4(,),(m + ^)4(,).(n + ^) (A.3c) 



+ ^(m+^ > 0) J;(.),(m + ^) J.(.).(n + ^) (A.3d) 



■-^)^n{s)v\"'^-^) 



r,fj,,i/ 



p(-) 1 Q for n(r) = 



(A.3f) 



[L^{m), L^{n)] = {m-n)L„{m+n) + 5m+n,o^'rn{m'^ - 1) (A.3g) 

— — — c 

[L^{m),L^{n)] = {m-n)L^{m+n) + Srn+nflz^rnim^ - 1) (A.3h) 

[L,(m),L,H] =0. (A.3i) 

Here : ■ :m and '■ ■ '-m ^i-re the standard mode normal orderings of the orbifold program 
iniElini, and : ■ : is the mode form of operator-product normal ordering. The left-mover 
Virasoro generators L„{m) are the same as those of the text (see e. g. Eq. ()2.1ap ). and 
Ao(cr) in Eq. ()A.3e|) is the conformal weight of the scalar twist field. 

We are interested in particular in the relation of L„\B)a- to Lfj\B)„, as implied by the 
boundary-state equation ()A.2|) . To study Lo-|i?)o- we found the following identities useful 

■ Jnir),{m + ^) J_„(,),,(n - ^) IS). = (A.4a) 



4fr(^)-^o,.;o/'^(^) = /:gf:;"""^''^''^(^)^nMM;-n(0/''(^) = (A.4b) 

= C^""^'^^'^(^)S3-^nM.;-nM,.°''(^)A.M|5). (A.4C) 

where ()A.4ajl follows from the boundary-state equation, the mode-ordering definitions 
(A.3c,d) and the twisted current algebra. The relation in Eq. ()A.4b|) is obtained from 
the symmetries (2.2b,c) of £ and JF, and Eq. ()A.4c|) then follows from Eq. ()A.3f]) and the 
boundary-state equation. 
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With the identities in Eq. ()A.4|) and the Virasoro generators in Eq. ()A.3|) . we then verify 
the twisted open-string Virasoro conditions on the twisted boundary states: 

{L„{m)-L^{-m))\B)^ = 0, a = 0, . . . , N, - 1 (A.5a) 
[L^{m) - La{-m), L„{n) - L^(-n)] = {m - n) [L„{m + n) - L„{-m - n)) . (A. 5b) 

Such Virasoro conditions are famihar ^H] in the closed string picture of untwisted open 
WZW strings. 

The boundary state equation in Eq. ()A.2|) is in fact a special case of the following general 
twisted boundary- state equation 

{Jn(r),im +^)+ Co{n{r), a)/ J„(,),.(m + ^)) \B)^ = (A.6a) 

a = 0,...,N^-l (A.6b) 

which is consistent when uj is any mode-number-preserving automorphism of the right- or 
left-mover twisted mode algebra ()A.1|) : 

cD(n(r), a)^^Cu{n{s), a)^^Tn(r),.Ms),x'^'^''i(^) = ->S^(^)^.;r^(s)/^*^^(^x)cD(r^(^), a)/ (A.7a) 

Lj{n{r), a)^'^Oj{n{s), (r)u^gn{r)a=0,...,Nc-l,n;n{s)A(^) = ^n.(rV;n(s)i. (c^) (A. 7b) 

^"(^•)'"'"(")'\cT)cu(n(r), a)^>'Cd{n{s), a)x'' = ^"^^'"^'^(a) . (A.7c) 

We expect that such an Co modification can also be used to describe the general twisted 
open WZW string in the open-string picture of the text (see the discussion in Sec. 5). 

Similarly, the Virasoro conditions 

(L,(m) - I,(-m)) \B)„ = 0, a = 0, . . . , N, - 1 
hold as well for the general boundary state in Eq. ()A.6|) . To see this, a helpful identity is 

Cl^r^'^'\crMnir), a)^^u{n{s), a),^ = ^^^^-^^^^(a) (A.8) 

which follows from Eqs. ()2.2c|) and ()A.7c|) when the underlying untwisted current algebra 
has the special form: 

g = ©/fl^, — simple g, = k (A. 9a) 

^ £««--(^)^(^) = ^^^"^^^^^"(^^''(a) . (A.9b) 

The proof for the general case follows because the general untwisted current algebra can 
be considered direct sum of these special cases. 
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The general twisted boundary-state equation in Eq. ()A.6|) reduces to the standard-^^ 
untwisted boundary state equation in sector a = 

(jaim) + ujJ'M-^))\B)o = 0, a,b = 1 .. .dim g, lu e Aut{g) (A.IO) 

where J reduces to J{—m) and u ^ u is any mode-preserving automorphism of un- 
twisted affine g. 

B Rectification in the Closed-String WZW Orbifolds 

In the text, we noticed that the equal-time current algebra of the twisted open WZW 
string is not isomorphic in the bulk to the twisted current algebra of the corresponding 
closed-string orbifold - but we claimed instead that the open-string algebra was isomorphic 
to the rectified current algebra of the closed-string orbifold. For application in the text, 
we therefore review and extend in this appendix the concept of rectification jEl El El QUI in 
closed-string orbifold theory, beginning with the rectified current algebra. 

The left- and right-mover current algebras of ordinary closed-string orbifolds Ag{H)/H 
are given in Eq. ()A.1|) . and we remind the reader that the right-mover commutators are 
not a copy of the left-mover commutators due to the sign reversal of the central term [H]. 
In what follows we will assume that the right-mover algebra can however be rectified into 
a copy of the left-mover algebra 

4)/^ + fy) = ^(^(^)' ^).'-J~nirU-rn - ^) (B.la) 

+ i'^+^Q) ^,n+n+ ^n(r)/.;-n(r).(c^) (B.lb) 
+ (^+^) '^,r.+n+^W+^ ^n(r)/.;- nrn(c^) (B.lc) 

^ ' p(ct) ' 

where jj denotes the rectified right-mover modes. The existence of such a rectification is 
equivalent to the following conditions 

9{n{r), a)f/'6{n{s), a)u^g-n{r),K--n(s),\{(y) = Qn{r)fiM'^)u{cr) (B.2a) 
e{n{r), = a)/ (B.2b) 

i^See for example Refs. gHlllZI- 
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on the twisted metric and twisted structure constants of sector a. 

Finding such a rectification {9} for a given twisted right-mover current algebra is non- 
trivial, but this rectification problem has in fact been solved on a case-by-case basis 

• the WZW permutation orbifolds [HI El El 

• the inner-automorphic WZW orbifolds [HI on simple g 

• the outer-automorphic WZW orbifolds [71 |TU] on simple q 

for all basic orbifold types. Given these results, one might expect that all twisted right- 
mover current algebras can be rectified. We emphasize however that this has not yet been 
systematically discussed for more general twisted current algebras, such as the doubly- 
twisted current algebras of Refs. |21 EI ^ which arise from automorphisms that are compo- 
sitions of the basic types above. 

In the application of the text, we will need the equal-time form of the rectified current 
algebra. Towards this, we first use the mode algebra ()B.1|) to obtain the equal-time algebra 
of the unrectified orbifold currents on the cylinder ^T] : 

J„(„),(e, t)^Yl + ^)e-^^"^"'?M)(*+«) = t) (B.3a) 

J„(,)^(e,t) = Yl Jn(r),{m + ^)e^'"'^^^^'-^^ = Jnir)±pi.)A^,t) (B.3b) 
Jn{r)fi{^ + 27r, a) = ''^'^ J„(r)M(^, Cr), Jn{r)ti{^ + SvT, (t) = c" ''^ J„(rV O") (B.3c) 



+ Sn{r)+n{s),Omod p{a)Gn{r)fi;-n(r)ui<^)d^ I^Mrli^ ~ ^7) (B.4a) 

^ p(<t) 

5n(r)+n(s),0 mod p{a)Gn{r)fi;—n{r)u {a)d^ 6^{^-r]) (B.4b) 

^ p{o-) 

[■Jnir)pi^,t,a),Jn(s)ui'n,'t,(^)] = 0, (T = 0, . . . , - I . (B.4c) 
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Except for the range of ^, the twisted left-mover current J here is the same current called 
J^^^ in Eq. ()2.5|) . and the phase-modified Dirac delta function 5„(r)/p(o-)(^ — t]) is that given 
in Eq. 

The rectified right-mover twisted currents are then defined"'"^ in terms of the rectified 
modes ()B.la|l as follows: 

^' ^) - E jUr),i^ + ^)e-^^'"^^^^*-^^ = 9{n{r), a)/ J_„(,.),(e, t, a) (B.5a) 

meZ 

n(r) „ 

Then the rectified equal-time current algebra 

[Jn(r)iJi Jn(s)u{V^ ^r)] =2111 ( J^„(r)/x;n(s)i."^'"'''^"^''''''^ (o" ) in(r)+n(s),5 {Vyty<^) 

+ Sn(r)+n{s),Omod p(a)Qn(r)fj.;-n{r)u{(^)d^ j^nM — r]) (B.6a) 

{(T)d^ S^Mrii^-v) (B.6b) 

^ p{o-) 

or), J!(,),(r7, t,a)] = 0, a = 0, . . . , iV, - 1 (B.6c) 

is obtained from the unrectified algebra ()B.4|) . The only difference between this rectified 
algebra and Eq. ()B.4|) is the phase of the (5-function in Eq. ()B.6b|) . 

We will also need to consider the orbifold stress tensors on the cylinder 

^) = i E LAm)e—^'^^^ = ^Cll^r^'-'-^'^ia) : t)J.^ir)A^, t) : (B.7a) 

^) = ^ E LA^y-"^'-^^ = ^C;l$^'-'-''^^^'''{a) : J„(.),(e, t) J-„M,.(e, t) : (B.7b) 

T.(e + 27r,t)=f.(e,t), l(e + 27r,t)=l(e,t) (B.7c) 

t^The definition (|B.5ap is the cylinder analogue of the rectified right-mover twisted currents on the sphere 
given in Ref. [HI- 
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where the normal ordering : ■ : is defined by the mode form of operator-product normal 
ordering (see Eqs. ()2.1ap and ()A.3|) ). Then we find the following equal-time operator algebra 



[ti^,t),t{v,t)] =^ [{ti^,t)+t{rj,t)) - + 1)) d^5{^ - T]) (B.8a) 

[t{U),tiv,t)] =-i [{ti^,t)+Uv,t)) - + 1)) d^6{^ - r^) (B.8b) 

[t{tt),t{r],t)] = (B.8c) 

c, = 2^„,,),^„(.).(a)£^{:j-(^)^(a) = 2G'^'Lf = (B.8d) 

[f^(^, t), J„(r)M(^, a)] = -idr, (^J„(r)^(r7, t, a)5{^ - 77)) (B.9a) 
t), Jl^^^^iv, t, a)] = id, (j!(,)/r^, t, o)5{i - r^)) (B.9b) 

[T^{i^t)JUr)^.{v.t,^)] = [t(e,t),JnM^(r/,t,cr)] = (B.9c) 

which, except for the commutators with the rectified currents J\ was given earlier in 
Ref. jTTj. We also mention that the right-mover stress tensor can be rewritten in terms of 

The argument for ()B.10|) follows the same line as that given at the end of App. A, using 
now the relations 

gn{r),.Ms>^^^Q(^n{r), a)^^e{n{s), a)/ = ^-«M,«;-"W,A(^) (B.lla) 

=^ ^li^r^'^'i^n^i^)' ^).^e{n{s)^ a)/ = C-};^^-'-^'^\a) (B.llb) 
which follow from Eqs. ()B.2a|) and ()A.9|) . 

For classical closed-string WZW orbifolds, we list the following rectified relations 

T.ii. t) = hQ''^''^'''''^'^''{cr)l^(r),{i, t, a) J„(,).(e, t, a) (B.12a) 
t (e, t) = ^^^^('■^'^^"(^^^(a) t, t, a) (B.12b) 

Zir),iO=2^e^'\Onir),''^'^'Pnis)uiB,0-l^^^^ (B.13b) 

kir),{T,0 = -ig{T,i)dnir),g-\T,i) = -e(OnM/^'^'^n(s). = e\OnM/^'^'^l). (B-13c) 
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{JnirUU,(r),xf'^%V,t)} = -27rze-i(r7,t,a)„M/(^>5^(e-r7) (B.13d) 

= -27rre»-^(r/,t,a)„(.)/(^)^5_^(e-r^) (B.13e) 

{Jn{r),^i^,t,a),g{T,r],t,a)} = 2'iTg{T,r])%,(r)^Sr^{^ - rj) (B.14a) 

= -^^'^!ir),9iT,v)5^^i^-v) (B.14b) 

KM^(e,t),x^(^)^(r7,t)} = (B.15) 

which have been selected for comparison with the analogous strip results of the text. To ob- 
tain these results, we used Eq. (B.2), the corresponding (unrectified) closed-string orbifold 
relations in Ref. pi], and the definitions: 

[^4).' ^4) J = ^•^nMM;n(.)/^*^'(^)r4), (B.16b) 
= mnir),-''^'^'^e-\n{s), a)/ . (B.16c) 

Here J^T* and f are respectively the rectified right-mover currents, the rectified twisted 
representation matrices and the rectified right-invariant twisted vielbein on the group orb- 
ifold. 

Looking back over the rectified results of this appendix, we may finally consider the 
following strip^cylinder map: 

J(+) ^ J, J(-) ^ J" (B.17a) 

e ^ e, e*r^^, gT ^ gT, Tg^T'^g. (B.17b) 

One finds that under this map, the twisted open-string properties in Eqs. (j2.7p . (j3.12p . 
(j3.16p and (j3.38|) of the text are locally twisted WZW, that is, they are isomorphic in the 
bulk to the rectified closed-string properties in Eqs. ()B.6|) . ()B.13|) . ()B.14|) and ()B.15|) . 

C More About the Phase-Modified Delta Functions 

The phase- modified Dirac delta functions 5„(r)/p(o-) ^v) were defined in Eq. (j2.8|) . and the 
case 5n(r)/p(o-)(^ — v) studied on the cylinder in Ref. [TT]. For the computations of the 
text, one needs further information about these delta functions on the strip. 
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We begin with the strip identities 

p{(t) p((t) 

+ ^) = ^i74,"^^^'^(r?,t)^ .(o-.(.)+.m (±e + r/) (C.lb) 

p(ct) '^^ p(ct) 

for any A s.t. ^) = 

n(r)— n(s) 

and t) = e-'^'^^A^;^^<^>{ir, t) (C.lc) 

0<e,^<vr (C.ld) 

which apply in particular to the twisted strip currents A^^^ = J*^^-* when n{s) = 0. The 
S{C,—ri) identities here appeared in Ref. fl] as a consequence of monodromy, which is here 
replaced by the strip boundary condition ()C.lc|) . 

Following Ref. [TT], we note the special case of Eq. (jdljl with n{t) = n{s) — n{r): 

A^l^^r^^>(U)5.^.^-.^rA±e -V) = ^i|i/^^^'^(^,t)5(±e - v) (C.2a) 

This case leads directly to the following integral identities on the strip 

547i."'^'''(0), e = 

(C.3b) 



(C.3c) 

rfr?i<74,"(-)'-(r7)J „(.) „(o (-r?-£)=<^ 0, < ^ < tt (C.3d) 
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which generahze the integral identities given in Ref. ^Bj for ordinary delta functions on 
the strip. Comparing Eqs. (C.3a,b) with Ref. one confirms that the same results are 
obtained with or without the phase modification of 6{ri — This is easily understood 
because the phase of 5n(r)/p{(7) is non-trivial only when the argument of the delta function 
is 27r, which is not achieved in the integrals (C.3a,b): 

i^-v)= ^(^ - V) when < ^, r/ < tt . (C.4) 

It is not clear however that the phase-modifications can always be ignored in spatial deriva- 
tives of 5n(r)/p{a)(^ - V)- 

A simple consequence of Eq. ()C.3|) is the identity 

l/V (^A^l);^^>{rj)5,_,^{±v T + - -V?) =^itV^^^'^(0 (C.5) 

and identities similar to Eqs. ()C.1|) - ()C.5|) are easily derived for twisted fields with any 
number of indices. For example, the corresponding identity on An(r)ij.yn{s)u 

is obtained from Eq. ()C.5|) by replacing n{s) —* —n{s) in the phase-modified delta functions. 

D Examples of the New Non-Commutative Geometries 

In this appendix, we consider some simple examples of the new non-commutative geometries 
associated to the {x, x} brackets of the open WZW strings. 

Because no non-abelian examples were worked out in Ref. |23]; we begin with two 
examples in the case of untwisted open WZW strings A"^*^". For these examples we will 
need the following explicit forms of the adjoint action Q{x) and the vielbein e{x) 

nix) = g-\T-'\x) = e-^^(-), e{x) = (4^) P-la) 
Y{x)^x'etiO)T:''^ =x''Tf\ a = l,...,dimg (D.lb) 

which hold for any group manifold. Here g is the group element, T"''^^ is the matrix adjoint 
rep of Lie g and we have chosen e(0) = 1 so that the Einstein-space indices are equivalent 
to the tangent-space indices a ~ i. 

Example 1: A^J^. 



59 



For g = su(2), we choose root length 1 and the standard Cartesian basis 

iTf%, = t{Ra)bc = -teabc, 6123 = 1, x^T^^ = IX ■ a, 6, c G {1, 2, 3} (D.2a) 
{x- Rf"^^^ = {-\x\^T{x- R), {x-Rf"'^^ = {-\x\'Y\x-Rf, m>0 (D.2b) 
which allows us to evaluate the following geometric quantities: 



= 1 + 



sin|x(OI 



f (0 ■ R + 



^(01 

Gij{x{i)) = k { 6i, + 



1-COS|X(0 |^^^^^ 

\m\' 



f (0 ■ Rf, e{0y = 5,'^ 



2 cos 


^(01 + 


f(0p-2 







It] 



(D.3a) 
(D.3b) 

(D.3c) 



Except for the range < ^ < vr, these forms hold as well for the corresponding closed- 
string WZW model Agu{2)- Then the non-commutative geometry of the Giusto-Halpern 
open string A^"^^^ 



-^^■'■(0,0) if ^ = 7^ = 
{x\^,t),x^ir],t)} = tn{ ^^^■(7r,7r) if ^ = = tt 

otherwise 





x{^) \ sin 


^(01 


k{l — cos 


^(01) 



:m ■ R) 



(D.4a) 



(D.4b) 



follows directly from the results in Ref. [23] or Eq. ()3.39j) . 
Example 2: A^^^^^^^^^^ 

We next consider the untwisted open WZW string on g = su(2) ©su(2), whose Z2 permu- 
tation symmetry will be modded out to obtain our third (twisted) example below. 

The required geometric quantities for this open WZW string 



GaI;bJ = k6lj6ab, I, J = 0,1, 0,6,0=1,2,3 



9{T,^) = exp 





la/^^^.(l) 



x^''{^)T, 



(D.5a) 
(D.5b) 



^(0 



bJ _ xJ X b 



al 



Si' Sa" + 



sin 1x^(01 f^i 



1^^(01 



X'{0-R)ab + 



1 — COS 



(D.5c) 



Gii-jjix{^)) = k5ij Sij + 



2 cos 


x\0\ + 


x'{0\'-2 







■ Rf 



(D.5d) 



x{0 = {x'\0}, ^ = 1,2,3, 1 = 0, 1, x\0 ■ R = x'^'iORa, e(0),/^ = (D.5e) 
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are easily read off as two copies of tliose given in tlie previous example. Correspondingly, 
the non-commutative geometry of ^su(':^)0gu(2) 

{_^i/;iJ(0, 0) if ^ = = 
^'^'^■^{n, tt) if ^ = = tt (D.6a) 
otherwise 

decomposes, as expected, into two non- interacting copies of the geometry of A°^^^y 

Examples: A212)q,su{2)(H) / H, i7 = Z2(perm). 

As our last example, we discuss the twisted non-commutative geometry of the twisted sector 
of the open-string orbifold y4°^^2)©sn(2)(^2)/^2, where the Z2 is the permutation symmetry 
which exchanges the two copies of su(2). 

Following the development of this paper, we begin with the data of the single twisted 
left -mover sector (cr = 1) of the closed-string Z2 permutation orbifold ^sn(2)®su(2)(^2)/^2- 
This data includes for example the simplest orbifold affine algebra jl] 

[Jjai^+i), 4(^+1)] = ^eabJj+Um+n+i±i) + 2M,,(m+i)5^^^^3+?^^ (D.7a) 

n(r) ^ j G {0,1}, /i^a = 1,2,3 (D.7b) 

which provides the current-algebraic input ()2.1b|) for this case. 
At the geometric level, the following twisted quantities 

^ = 1 : ^h-Jb = 2^'^a&5j+f,0mod 2' '^aiT) = TaT- (D.8a) 

g{T{T),^) = exp[i(x°"(0ll2 + x^^iOn) ® TJ, f = Pauh matrices (D.8b) 
m = e-'^^'\ Y{x{0)^xHOTf'T^,, e{£) = {'^) (D.8c) 

|x (01 |x (OP 

X^'"(0=a;°''^(0±^'''^(0 (D-8f) 
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Gwitim) = k (G(x+(o) + {-ir'GiTm 



|X (01^ 



:2cos|X (OI + IX (01-2) 



(D.8g) 
(D.8h) 



follow from the definitions of the text. Except for the range < ^ < tt, these are 
the same formulae given in Ref. for the closed-string orbifold ^sn(2)®sM(2)(^2)/^2- 
Then the twisted non-commutative geometry of sector cr = 1 of the open-string orbifold 



^°«(2)©««(2) (^2)7^2 



-^^■'^''^(0,0) if^ = r/ = 
{x^^'i^, t), x^\r], t)} = i7r{ ¥'' '^\7i, n) ii ^ = r] = 7C 

otherwise 



(D.9a) 



^ja;ib^Q = _ 



1 f |X (0)1 sin |X (0)1 



l-cos|X (0)1 



(X iO)-R)ab + 



+ (-l)-'~»^^(X-(0).i.).J (D.9b) 
1 — cos |X 



Ak L 



^± = l+i(X {7t)-R) + 



i-iy (i^+^-y- (v^>+) ) + (-1)' ( (^-^+)*- (^+v^-) ) (D.9c) 



- ab 



sin IX^fTr) 



|X^(7r)|2 2|X^(7r)|(l -cos|X^(7r)|)^ 



(X (7r)-i?)2 (D.9d) 



follows from Eqs. ()D.8|1 and ()3.38p . As in the text, superscript t is matrix transpose. The 
example above is the simplest permutation-twisted open WZW string. 
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